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Abstract

This paper studies quality choice and optimal product discontinuation decisions

when a �rm�s intended quality choice is di¢ cult to control and information about ac-

tual quality is noisy. The market forms beliefs about the actual quality based on the

observed sequence of noisy signals or product�s reputation. It is shown that optimal

product discontinuation policy exists. A �rm discontinues its product when reputation

or realised quality falls below a threshold. Incentives for providing higher quality arise

from two channels: higher quality increases (i) consumers�valuation for the product

conditional on its being continued and (ii) the product�s chance of surviving the policy.

The �rm exerts higher quality and applies a more stringent reputation standard discon-

tinuation policy when incentives from both channels are strengthened. This happens

when either the �rm cares more about the long-term relationship or the precision of

the initial prior belief decreases. Signal informativeness has ambiguous e¤ects on the

optimal discontinuation policy as its e¤ects on consumers�valuation are unclear. How-

ever, without discontinuation policy, higher informativeness unambiguously increases

quality.
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Reputation, Quality Choices and Optimal Discontinuation Policy

Character is like a tree and reputation like its shadow. The shadow is what we

think of it; the tree is the real thing.

�Abraham Lincoln

1 Introduction

It has long been known that imperfect information can cause a wide range of market

imperfections. One example that has been widely discussed is market failure when the

product�s quality is unobservable. This is particularly the problem where consumers are

only able to evaluate the quality of the products after they have been bought and consumed.

These products are known as "experience goods". Examples include durables such as cars

or used cars, electronic appliances, nondurables such as wine, and services such as airlines

or specialist professions. Usually, the problem occurs even in a market where the product�s

characteristics are observable or information on inherited quality is available to the market

but a �rm cannot perfectly control the intended quality then the true product�s quality

is unknown to the market and consumers� utility derived from the products requires a

match between product characteristics or features and consumer�s taste or preference. For

instance, technology gadgets such as the mobile phone: information on its features (camera

resolution, 3G compatibility, lightness of weight) is available, but all the features available

on it may be rarely used by consumers and they may �nd these out only after purchase.

Fashion or designer branded products are another example: the quality of the materials

may be observable, but the consumer may not like them because they may not match

the consumer�s preference or taste. Many mechanisms have been proposed to solve this

problem. One possible way is by repeated interactions, where the consumer frequently

purchase the product and is able to observed its realised quality, although still not able to

observe the �rm�s e¤orts in quality. In these settings, the consumer�s experiences with a

particular product provide imperfect information on a combination of the �rm�s e¤orts, a

suiting of their tastes, and sheer luck. This collection of experiences forms an expectation

of quality, and is the de�nition of reputation for this paper.

As the learning process continues, information on the quality of the product is gradually

revealed to the market. Many producers, after observing the sequence of the product�s

quality reputation over some periods, decide to take the product out of the market and

launch a new one before the quality of the old product is completely revealed. The market
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then has to start the learning process over again. These "discontinuation policies" typically

are deterministic or �xed in advance, for example, cars where Japanese car manufacturers

have a policy of launching a new car design approximately every 5 years while German

manufacturers do this every 7 years, and designer clothes where a new fashion is introduced

every season. However, some �rms adopt a discontinuation policy that is not based on the

length of time that the product has been on the market. Di¤erent �rms may apply di¤erent

criteria for discontinuing their products. Some products such as computer processors are

discontinued because of the advancement of new technology. Some �rms launch a new

product in response to their competitors. For example, Sony was planning to launch its

new generation game console Play Station 3 (PS3) in the year 2007. However, after its top-

of-the-line rival Microsoft�s Xbox 360 was released in November 2005, Sony revised their

PS3 launching plan to the spring of 2006. Nevertheless, because of a technical problem,

the PS3 was �nally released in November 2006. Some �rms use their product�s quality

deteriorating reputation as a criterion for discontinuing. A good example is the series

of battery recalls from many computer manufacturers such as Lenovo; this manufaturer

announced a recall of 526,000 laptop batteries on September 2006, after a Lenovo ThinkPad

T43 caught �re at the Los Angeles International Airport. Or the notebook battery recalls

issued by Dell and Apple Computer in August 2006, after it was discovered that some

batteries were overheating or exploding, causing �res even when the machines were turned

o¤.1 It is interesting to see how �rms optimally determine their discontinuation policy

when information about product quality is imperfect and how the policy changes when the

informativeness of consumers�experiences changes.

This paper studies quality choice and product discontinuation problems under a moral

hazard when information about product quality is imperfect but symmetric; information

about the true product quality is unknown to both consumers and �rm. The �rm�s intended

quality choice is di¢ cult to control and is subject to a random shock. The paper focuses

in particular on product discontinuation policies when the �rm uses quality reputation as

a criterion of discontinuation.

The paper is organized as follows. Section 2 reviews the related literature. Section 3

sets up the basic model and discusses some results and implications. Section 4 introduces

the problem of product discontinuation by considering the case where all products have

a predetermined time in the market before being discontinued. Section 5 analyses the

1http://news.zdnet.co.uk/hardware/0,1000000091,39283811,00.htm
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discontinuation problem when the product stopping period is stochastic and shows that an

optimal discontinuation policy exists. The optimal policy is then derived and comparative

static analyses are carried out. Section 6 presents the conditions for optimal quality choice

under optimal product discontinuation policy, and discusses how a product discontinuation

policy can a¤ect a �rm�s incentive to provide quality. Section 7 provides conclusions.

2 Literature Review

Reputation has been extensively studied in economics as a mechanism that could alleviate

ine¢ ciencies arising from imperfect information. The notions of reputation in economics

can be categorized into two mechanisms (Cabral 2005). The �rst is where the �rm�s or

agent�s action is unobservable; a moral hazard problem. Reputation may arise either from

repeated interactions between a �rm and consumers or be an implicit contract between

two parties. The second involves adverse selection problems where there are information

asymmetries between the �rm and the consumers. Quality is a characteristic or type of

�rms that is known exclusively to them. In this case, uninformed consumers have access

to the history of past stage outcomes and form their poseterior beliefs on this regarding

the �rm�s type. The informed �rm can improve its long-run pro�t by acting in a way that

will convince consumers to believe that it belongs to the better type.

For reputation mechanisms under moral hazard, the seminal work of Klien and Lef-

�er (1981) suggests that reputation mechanisms can ensure high quality performance in

circumstances where quality is not observable. In order to sustain a high reputation and

produce high quality goods, the returns to the �rm must be high and persuasive enough

to o¤set a short-run incentive to deviate. The idea is explored more formally in Shapiro

(1983), where di¤erent �rms specialise in di¤erent quality products and entry and exit are

incorporated. Reputation is de�ned as the consumer�s expectation of quality, and it has

been shown that reputation can work as an imperfect mechanism for quality assurance and

that high quality products are sold at a premium above their cost. Both papers�analyses

are based on the assumption that the experience from consuming the product delivers the

perfect signal about quality. The consumers knows the quality completely and immediately

after consumption of the product.2 Rogerson (1983) considers the role of reputation in

assuring quality where consumers are able to observe quality after purchase imperfectly

2Dybvig and Spatt (1982) and von Weizsäcker (1980) apply a similar idea of a perfect signal of quality,
but consumers become aware of this with a lag.
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and probabilistically.

An idea similar to that of Klien and Le­ er (1981) appears in labour economic literature;

Fama (1980) explains situations where the labour market does not know the agent�s true

ability or talent but learns this from observing past performances. However, agents are

disciplined by implicit contracts or their career concerns; the market pays according to its

belief about an agent�s ability. In other words, an agent�s compensation depends upon the

market�s belief of his ability and reputation refers to this belief. This idea is formalised

by Holmström (1982). In this celebrated paper, information about an agent�s ability is

imperfect but symmetric, i.e. it is unknown to both agent and employers. Quality produced

by the agent is a combination of the agent�s talent, e¤ort and luck and is a noisy signal to

actual ability. Holmström (1982) shows that, at the beginning of a relationship where an

agent�s talent is unknown, the agent exerts high e¤ort to produce high quality. As time

progresses, the market updates the belief about the agent�s ability and, �nally, this will be

completely realised. E¤orts, therefore, decrease over time. Holmström (1982)�s reasoning

shows that no equilibrium in which a single �rm commits to a high quality product exists.

As noted by Mailath and Samuelson (2006), reputations are temporary if the type of

the player is determined once and for all at the beginning of the game. Reputations can

have long-run implication by incorporating some mechanisms by which the uncertainty

about types is continually replenished. Examples include Holmström (1982), Cole et al

(1995), Mailath and Samuelson (2001), and Phelan (2001) where the type is governed by

a stochastic process.

An alternative reputation mechanism under adverse selection is pioneered by Kreps

and Wilson (1982), Milgrom and Roberts (1982) and, Kreps et al. (1982). The notion of

a "commitment" type3, long-run players who always play the same action, is introduced.

An important commitment type is the Stackelberg type. The Stackelberg type is a long-

run players committing to the Stackelberg action. As long as the future returns from

maintaining a reputation from playing the Stackelberg action exceeds short-run returns

from playing other actions, the equilibrium strategy for an ordinary player will be to try

to acquire a reputation by masquerading as a Stackelberg type . This issue is treated in

detail in Mailath and Samuelson (2006).

Hörner (2002) presents a model where competition can generate a reputation mecha-

nism under adverse selection through repeated interactions between �rms and consumers.

3Also called "Irrational", "Action", "Behavioural" or "Crazy" types.
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As in Holmström (1982), quality is a noisy signal of a �rm�s e¤orts in this model. However,

Hörner (2002) shows that competition generates an outside option for consumers to leave

a �rm when they believe that the �rm belongs to a bad type. This poses a threat to a �rm

and induces it to constantly exert high e¤orts.

There has been a growing body of literature focusing on the economics of brands and

reputations. Brands are viewed as carriers of reputations and can be traded. Tadelis (1999)

explores this idea and formulates a basic framework to analyse the market of reputation. His

paper shows that this market is indeed sustainable. In addition, it provides all agents both

"old" and "young" with equal incentives to exert e¤ort (Tadelis 2002). However, Mailath

and Samuelson (2001) show that the long-run e¤ects of such a market are complicated as

good reputations are likely to be purchased and depleted by "inept" agents. Kreps (1990)

presents an argument for trading reputations in a moral hazard type of model.

Cabral (2000) adopts the framework from Tadelis (1999) to study the brand stretching

decision of a �rm when it launches a new product. The paper shows that brand stretching

signals high quality; better �rms tend to launch new products under the same brand.

The theory of optimal stopping has been applied in many areas of economics. For

example, Dutta and Rustichini (1993) study optimal stopping games, a variant of stochastic

games, where each player has an irreversible action. The paper shows the existence of

stopping equilibria and presents two applications of product innovations and asset sales.

Feng and Gallego (1995) study the optimal time for a single price change from a given initial

price. The paper derives conditions under which the �rm should decrease or increase the

price. This can be considered as time optimal time to start an "end-of-season" sale or stop

promotional pricing.

However, the problem studied in this paper is slightly di¤erent from the standard

single time stopping problem. The model presented in the paper allows the �rm to stop

the product and start a new one. Therefore, any optimal stopping (or starting) rule4 must

account for this. In operation research literature, this type of problem is called a restart

problem according to Katehakis and Vienott (1987). It has been shown by Gittins and

Jones (1974), Whittle (1980,1982) and Variaya et al. (1985) that this sequence of a one-

dimensional stopping problem (where only one project or product is being considered in

each period) is much simpli�ed but equivalent to the multi-armed bandit problem (the

problem where at each stage there are many choices of possible actions or experiments,

4 In this thesis, the words discontinuation and stopping or policy and rule are used interchangeably.
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and a choice of action j results in an observation being taken from a jth experiment; the

goal is to maximise the present value of an in�nite stream of rewards).

3 The Basic Quality Choice Model with Consumer Learning

The basic model presented in this section is adopted and simpli�ed from Holmström

(1982)�s career concerns model. The di¤erence is that, in Holmström (1982), an agent

(a �rm) chooses an action (quality choice) in every period but in this model product�s

quality is decided by a �rm only once at the initial period and remains unchanged until

the product is discontinued. Another major extension, which will be considered in later

sections is the incorporation of options for a �rm to discontinue a product and relaunch a

new one. Therefore, the model in this section provides the basis for this extension.

Consider a simple discrete time model where a �rm o¤ers a single product for sale in a

market consisting of a large number of identical consumers. At the beginning of the �rst

period, a �rm chooses once and for all its desired level of product quality, q. However, the

actual product quality is ~q = q+
 where 
 is an idiosyncratic quality disturbance term and

can be viewed as a random term that determines how the product matches the consumer�s

taste. The �rm wants to produce a good quality product and satisfy consumer needs, but

some characteristics of the product may not �t well with consumer�s taste or may not be

what the consumer actually wants. Therefore, the actual product quality is a combination

of the true or intrinsic quality that the �rm produces and a match with the consumer�s

taste. Example of this type of product includes brand name clothes where fashion designers

produce good quality clothes with styles that may or may not match the consumer�s taste.

Other examples includes product with sophisticated technology and features such as cars,

mobile phones or laptop computers. These products come with many features and vary in

quality. Consumers will learn whether every feature suits with their preference when the

products is purchased and used. It is assumed that 
 is normally distributed with a zero

mean and variance �2q .

Consumers are identical and live for only one period. In each period, new consumers

come to the market and decide whether to buy a �rm�s product and how much they are

willing to pay for it. The quality perceived by consumers is a noisy signal of the actual

quality. If consumers decide to buy the product from the �rm, the utility gained by

them is ut = ~q + "ut where "ut � N
�
0; �2u

�
. The term "ut can be interpreted as the

consumers� random experience of using the product. It re�ects the fact that consumers
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with identical taste using identical products can gain di¤erent utility levels depending on

some random factors such as how the product is used and taken care of, knowledge of the

product�s speci�cations, and familiarity with the product�s features and functions. Having

realised the utility gained, consumers make an imperfect report of their experience, rt =

ut+"rt where "rt � N
�
0; �2r

�
. The report is imperfect because consumers cannot precisely

communicate their feeling about the product to the next generation of consumers. The

sequence of reports, frsgt1, and, therefore, the �rm�s average quality report or reputation,
Rt =

Pt
s=1 rs
t , are publicly observable and, since consumers cannot directly observe the

actual quality of the product, ~q, they use this information to decide how much they are

willing to pay for the product.

In any period t, after observing Rt�1, consumers are willing to pay up to their expected

utility from the product. That is,

pt = E [ut jRt�1 ]

= E [q jRt�1 ] + E [
 jRt�1 ] . (3.1)

The �rm is risk neutral choosing quality level q� to maximise the expected sum of pro�t

over product life T .

q� = argmax
q

TX
t=1

�t�1 [E [pt]� C (q)] (3.2)

where � 2 (0; 1) is a discount factor5, C(q) is the unit cost of producing a product with
quality q, and C(q) is increasing and convex in q. Note that, even though the market is not

able to observe the �rm�s choice of quality, q, directly, it can be inferred by solving (3.2).

Therefore, at period t + 1, observing rt in equilibrium will be equivalent to observing the

sequence

zt � rt � q� = q + 
 + "ut + "rt � q�

= q + 
 + "t � q� (3.3)

At equilibrium q = q�, then

zt = 
 + "t (3.4)

5 It is assumed that � cannot be equal to 1; to avoid complication that may arise in de�ning value function
for an optimal product stopping problem, see Section 5.1.
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where the composite noise, "t � N(0; �2" = �2u+�
2
r ), is the combination of two error terms,

"ut + "rt .

Consumers and the �rm share a prior belief about 
. The prior distribution is assumed

normally distributed with meanm1 and variance �21. De�ne the precision of "t as h" = 1
�
�2"

and precision of belief at time t as ht = 1
�
�2t where �

2
t denotes variance of prior belief

about 
 at time t. The posterior distribution of 
 will still be normal distribution with

mean, variance and precision given by

mt+1 =
htmt + h"zt
ht + h"

=
h1m1 + h"

Pt
s=1 zs

h1 + th"
(3.5)

ht+1 = h" + ht = th" + h1 (3.6)

Consumers�willingness to pay (3.1) can be rewritten as

pt = E [ut jRt�1 ] = q� + E [
 jRt�1 ] = q� +mt (3.7)

The �rm�s problem is then to attain the supremum of

sup
q

TX
t=1

�t�1 [E [pt]� C (q)]

or equivalently,

sup
q

TX
t=1

�t�1 [q� + E [mt]� C (q)] (3.8)

using (3.5) and (3.3), the above expression becomes

sup
q

TX
t=1

�t�1

"
q� +

h1m1

ht
+
h"
ht

t�1X
s=1

(E(
) + q � q�)� C (q)
#

using (3.6) to get,

sup
q

TX
t=1

�t�1
�
q� +

h1m1

ht
+

(t� 1)h"
(t� 1)h" + h1

(m1 + q � q�)� C (q)
�

(3.9)
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The solution to (3.9) is then given by the �rst order condition (FOC)

TX
t=1

�t�1
�

(t� 1)h"
(t� 1)h" + h1

� C 0 (q�)
�
= 0 (3.10)

or,

1� �
1� �T

TX
t=1

�t�1
�

(t� 1)h"
(t� 1)h" + h1

�
= C 0 (q�) (3.11)

From (3.11), the optimal level of quality depends upon the discount factor, the structure

of the cost function, the precision of the random noise (the sum of the perceived quality

noise and the imperfect report) and the precision of the �rst period prior belief as well

as the product lifespan. When the �rm becomes more patient or � increases, it places

greater weight on future bene�ts and futures become more important; the incentive to bias

consumers�learning increases, and the more quality is exerted.

As the precision of the �rst period prior belief, h1, increases, the left-hand side (LHS)

of (3.11) decreases. Since the convex cost structure is assumed, the �rm will choose a

lower level of quality in equilibrium. The reason for this is that, since the true product�s

quality is unobservable, consumers have to form beliefs about the product. A higher level

of perceived quality in�uences perceptions about the quality disturbance term. The �rm

has an incentive to jam the signal by choosing higher quality in which it would potentially

bias the process of the inference of consumers. As the precision of prior belief increases,

this implicit incentive decreases and the lower product quality is optimal.

Recall that the composite error term, "t, is the sum of two idiosyncratic terms: con-

sumers�utility noise, "ut , and noise on consumer report, "rt . The higher the variances of

these two noise terms, the higher the variance of the composite error term, and hence the

lower precision, h". h" can be viewed as the parameter determining the speed of consumers�

inference about actual product quality or how noisy is the environment. One can see this

from (3.5),

mt+1 =
htmt + h"zt
ht + h"

If the variance of the composite noise term is high, the level of precision, h", is low. The

posterior belief of the actual quality is the weighted sum of prior and the new signal about

quality. High h" implies that the new signal is not very informative and consumers should
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put less weight on this when updating their belief. In the extreme case, where the variance

of the composite noise approaches in�nity or h" ! 0, the new signal is totally uninformative

and consumers cannot learn from the new information at all, mt+1 ! mt. The LHS of

(3.11) is higher if h" increases. The �rm will produce a higher quality product. In a less

noisy environment, the �rm will have more incentive to produce a high quality product

because the consumer will refer high-perceived utility and previous consumers�report to a

high product quality. In contrast, under a noisy environment, consumers will believe that

a high-perceived utility and report are the consequence of noisy terms and not the �rm�s

actual product quality. Knowing this, the �rm will produce a lower quality product. In

this simple model, the only incentive for the �rm to produce a high quality product is to

mislead consumers�belief about the true quality of the product.

The quality o¤ered by the �rm increases with the length of time that the product is

in the market. As one can easily verify, the LHS of (3.11) equals 0 when T is 1 and it

approaches (1� �)
P1
t=1 �

t�1 [(t� 1)h" /ht ] > 0 as T ! 1. When T is small, consumers
have less information about product quality and the product is discontinued early before

the actual quality is precisely learnt; the �rm thus misses a lot of revenue that it would

get if the selling period had increased. This lowers the incentive for the �rm to produce a

higher quality product and to signal jam the learning process of consumers. The �rm has

a higher incentive to produce a better quality product if the relationship between product

and consumers lasts for a longer period because high quality can mislead consumers into

thinking that the product is a better match for their taste (the product has high 
) and

will increase their willingness to pay.

4 Decision to Discontinue

The model described in Section 3 shows how product quality is determined and assumes

that the product will be discontinued after T periods have elapsed. This section extends

the model to the case where a �rm introduces a new product after a previous one has been

discontinued. Two simple examples are presented. Section 4.1 considers the case where

the product discontinuation period is deterministic, i.e. a product lifespan is �xed. In

Section 4.2, the product lifespan is variable but the section is restricted to the case where

the �rm has only one chance to discontinue the product. The more general case, where the

discontinuation period is variable and there is an unrestricted number of discontinuations

will be analysed in Section 5.
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Product b is
discontinued and
the new product

c is started

Product a is
discontinued and
the new product

b is started

Product a is
started

t =  1                                T                               2T

Figure 1: Deterministic Product Discontinuation Policy

4.1 Deterministic Product Discontinuation Period

It has been shown that the true product quality is revealed almost completely as time

progresses. It is interesting to ask, if a �rm chooses to discontinue an old product and

introduce a new one, what would be the optimal time for discontinuation and what quality

level would the �rm select? With the opportunity to launch a new product, the �rm

faces two decision problems, the optimal quality problem and the product discontinuation

problem. This section considers the case where selling periods are determined in advance

and are the same for every product. There are many industries where �rms decide not to

wait until the actual quality is fully realised. They release a new design for their products

every a �xed length of periods and consumers are forced to start the process of learning

over again. For example, some Japanese and German car manufacturers have policies to

release a new car design every 5 or 7 years. Fashion designers release their new designs

every 3 months when the season changes. This section assumes that the �rm discontinues

its old product and launches its new one every T period; Figure 1 illustrates this. This

deterministic product lifespan assumption will be relaxed in the subsequent sections where

variable discontinuation periods are allowed.

Whenever a �rm releases its new product, the quality choices must satisfy the FOC

(3.11):

1� �
1� �T

TX
t=1

�t�1
�

(t� 1)h"
(t� 1)h" + h1

�
= C 0 (q�)

Since the selling period (T ), the discount factor (�) and the precision of the composite

noise (h") are the same for every product, the quality choice q� for each product depends

upon the precision of initial prior belief (h1). As the idiosyncratic quality terms, 
, for
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all products produced by the �rm are normally distributed with zero mean and identical

precision, it is reasonable for the consumer to have initial prior beliefs with the same mean

and precision every time a �rm launches a new product. The following assumption states

this formally.

Assumption 4.1 Mean and precision of initial prior belief about quality noise at the time
of launching are the same for every product i.e.,

m1 = mb
t0

h1 = hbt0

for all new product b launched at time t0.

The following remark follows immediately from Assumption 4.1

Remark 4.2 Under Assumption 4.1, optimal quality choices are identical for all products.

In contract theory, 
 can be viewed as a �rm�s type chosen randomly from a known

distribution by nature. The quality choice chosen by a �rm (an agent) can be viewed as

its e¤ort to signal jam and mislead consumer (or principal) learning of 
. In Holmström

(1982), the manager�s (agent�s) ability or type is drawn by nature at the beginning and

remains unchanged for all periods. In the limit, his ability will be fully known and the

incentive for signal jamming will eventually disappear. The manager will exert less e¤ort as

his ability becomes more apparent. Holmström (1982)�s conclusion is that there exists no

equilibrium in which a single �rm repeatedly exerts high e¤orts. In contrast, the incentive

to exert an e¤ort in this model does not reduce as time progresses. If a �rm chooses to

launch a new product, quality noise for the new product will be drawn again from the same

distribution function but is independent of the previous product�s quality noise. Consumers

have to start the whole process of learning again and the incentive for signal jamming for

the �rm and hence quality choice remains the same. In this model, a �rm�s type can change

randomly by launching a new product. This high e¤ort equilibrium is in line with what

Mailath and Samuelson (1998) have emphasized; type changing is a device to obtain a

sustained reputation e¤ect. In fact, Holmström (1982) uses the same device by letting a

�rm�s type follow a random walk process to obtain high e¤ort equilibrium.
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Let yat � q�a+m
a
t �C (q�a) be the period t pro�t accrued to a �rm from product a when

the quality is chosen optimally at q�a. The total discounted return is

V =

TX
i=1

�i�1yai + �
T

TX
j=1

�j�1ybj + �
2T

TX
k=1

�k�1yck + :::

The expected return is

E [V ] = E
TX
i=1

�i�1yai + �
TE

24 TX
j=1

�j�1ybj + �
T

TX
k=1

�k�1yck + :::

35
Since quality choices are identical for all products by Remark 4.2,

E [V ] = E
TX
i=1

�i�1yi + �
TE [V ]

=

PT
t=1 �

t�1E [yt]

1� �T

=

PT
t=1 �

t�1 [q� (T ) + E (mt)� C (q� (T ))]
(1� �)

PT
s=1 �

s�1

In equilibrium, E (mt) = m1 = 0. Then,

E [V ] =
[q� (T )� C (q� (T ))]

PT
t=1 �

t�1

(1� �)
PT
s=1 �

s�1

=
q� (T )� C (q� (T ))

(1� �) (4.1)

The expected return (4.1) shows that the exogenously �xed product lifespan has no direct

in�uence on the value function. However, it has an indirect in�uence through optimal

quality choice. From the FOC for quality choice (3.11) and the discussion at the end of

Section (3), the optimal quality increases with product lifespan. Proposition 4.3 shows

that it is optimal for a �rm not to discontinue its �rst product.

Proposition 4.3 The optimal deterministic discontinuation period is to set T !1.

Proof. From (4.1), the �rm�s problem is to choose T that achieves the supremum of the

13
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expected return E [V ]:

V � = sup
T

q� (T )� C (q� (T ))
(1� �)

The convex cost structure implies that the expected return is concave in q� and maximised

at C 0 (q� (T )) = 1. From the FOC of quality choice (3.11),

1� �
1� �T

TX
t=1

�t�1
�

(t� 1)h"
(t� 1)h" + h1

�
= C 0 (q� (T ))

the RHS, which is the marginal return from quality is increasing in T . Then,

sup
T

1� �
1� �T

TX
t=1

�t�1
�

(t� 1)h"
(t� 1)h" + h1

�
= (1� �)

1X
t=1

�t�1
�

(t� 1)h"
(t� 1)h" + h1

�

But since (t�1)h"
(t�1)h"+h1 � 1, then

(1� �)
1X
t=1

�t�1
�

(t� 1)h"
(t� 1)h" + h1

�
= lim
T!1

C 0 (q� (T )) � 1

It has been shown that since marginal return from quality is increasing with T , when

T ! 1 the marginal return from quality is highest but still less than 1 and this gives a

�rm the highest possible expected return.

This model of consumer learning suggests that a product with a longer selling period

is of better quality. The reason for this is that the �rm has a higher incentive to produce

high quality product in order to bias consumer learning about the product quality noise

term and increase consumer willingness to pay. However, this model also suggests that the

�rm should not discontinue the product and start a new one. According to the model, it

is better to produce one product with a relatively long life than to produce many shorter

life products. It seems that this simple model cannot explain why di¤erent �rms choose

di¤erent selling periods for their products. Incorporating demand or competition structures

would enrich the present analysis. This issue is left for future research.

Note that extensions to the model, such as a �xed cost for introducing the new product

or adding the waiting periods before the new product can be introduced, do not change

above analysed results. The quality choice FOC (3.11) stays the same while the expected

14
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returns change slightly to

E [V ] =
[q� (T )� C (q� (T ))]

PT
t=1 �

t�1 � F
(1� �)

PT+S
s=1 �

s�1

where F is a �xed cost for launching the new product and S is the length of periods the

�rm has to wait before the new product can be launched after stopping the old one. These

extensions do not a¤ect quality choice but lower the expected returns.

4.2 When to Start a New Product? A Simple Illustration

In the previous section, the product discontinuation period is known and �xed in advance

and the �rm has to stop its product; even belief about product quality noise is high.

This seems unreasonable. In general, the �rm would be willing to stop its product when

the product is believed to have low quality and consumers are willing to pay less for it.

Therefore, the discontinuation period varies depending on belief about product quality and

pro�t prospect given available information in each period. This section presents a simple

illustration of the problems where the �rm has only one chance to stop an old product and

start a new one to show how the optimal product stopping time is determined and how this

decision could or could not a¤ect the quality choice. The structure of a more complicated

decision problem where the �rm can discontinue an old product and start a new one at

any period and as many times as it wants will be discussed in Section 4.3. The optimal

product discontinuation policy for this problem, which is one of the central questions of

this paper, will be analysed in details in Section 5.

Suppose that the selling period is not �xed in advance, the quality choice chosen by

the �rm must satisfy the following FOC

(1� �)
1X
t=1

�t�1
�

(t� 1)h"
(t� 1)h" + h1

�
= C 0 (q�) (4.2)

If a �rm has only one chance to discontinue its product a and start the new product

b, it will stop the product a at any time t only when expected pro�t from a conditional

on information available in period t is lower than the expected pro�t from launching b.

At time t = t0, if �rm continues to produce product a with quality q�a, it would get the

15



Reputation, Quality Choices and Optimal Discontinuation Policy

expected pro�t of

�a =

1X
t=t0

�t�t0 [E [q�a +mt jt = t0 ]� C (q�a)]

=
1X
t=t0

�t�t0 [q�a + E [mt jt = t0 ]� C (q�a)]

=

1X
t=t0

�t�t0

"
q�a + E

"
h1m1 + h"

Pt�1
s=1 zs

ht

#
� C (q�a)

#

=
1X
t=t0

�t�t0

"
q�a +

h1m1

ht
+
h"
ht

t0�1X
s=1

zs +
h"
ht

t�1X
s=t0

E [zs jt = t0 ]� C (q�a)
#

=
1X
t=t0

�t�t0

"
q�a +

ht0
ht

"
h1m1

ht0
+
h"
ht0

t0�1X
s=1

zs

#
+
h"
ht

t�1X
s=t0

mt0 � C (q�a)
#

=

1X
t=t0

�t�t0
�
q�a +

ht0mt0

(t� 1)h" + h1
+

(t� t0)h"
(t� 1)h" + h1

mt0 � C (q�a)
�

=
1X
t=t0

�t�t0
�
q�a +

�
(t0 � 1)h" + h1
(t� 1)h" + h1

+
(t� t0)h"

(t� 1)h" + h1

�
mt0 � C (q�a)

�

=
1X
t=t0

�t�t0 [q�a +mt0 � C (q�a)] (4.3)

If, however, at t = t0, it launches a new product b with quality q�b , the optimal quality must

satisfy the FOC (4.2). Suppose the initial period prior belief of the idiosyncratic quality

disturbance of product b, 
b, has mean mb
t0 and precision h

b
t0 . Optimal quality must satisfy

the following FOC:

(1� �)
1X
t=t0

�t�t0
�
(t� t0)h"

ht

�
= C 0 (q�b )

(1� �)
1X
t=t0

�t�t0

"
(t� t0)h"

(t� t0)h" + hbt0

#
= C 0 (q�b ) (4.4)

Comparing (4.4) with (4.2), one can see that q�b will be higher than q
�
a if the initial prior

belief of idiosyncratic quality disturbance of b has higher precision. Or, q�a 7 q�b $ h1 ? hbt0 .

However, if h1 = hbt0 as assumed in Assumption 4.1, quality choices are identical.
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As stated in Remark 4.2, the �rm chooses the same level of quality when launching a

new product because all parameters are the same every time it makes the decision.

The �rm will launch a new product in the period when the prior belief falls below some

critical level. The following proposition states this.

Proposition 4.4 There exists a unique m� such that a new product is launched at period

t0 if and only if mt0 < m� and if all new products have the same initial prior belief as

stated in Assumption 4.1, m� = m1.

Proof. Pro�t from launching a new product with quality q�b at time t0 is

�b =

1X
t=t0

�t�t0
h
E
�
q�b +m

b
t

�
� C (q�b )

i

=
1X
t=t0

�t�t0

"
q�b +

hbt0m
b
t0

ht
+
h"
ht

t�1X
s=t0

�
mb
t0 + q

�
b � q�b

�
� C (q�b )

#

=
1X
t=t0

�t�t0

"
q�b +

hbt0m
b
t0

(t� t0)h" + hbt0
+

(t� t0)h"
(t� t0)h" + hbt0

mb
t0 � C (q

�
b )

#
(4.5)

At time t = t0, a �rm will stop old product a and launch new product b if �a � �b. Or

from (4.3) and (4.5), one can show that

1X
t=t0

�t�t0 [q�a +mt0 � C (q�a)]

�
1X
t=t0

�t�t0

"
q�b +

hbt0m
b
t0

(t� t0)h" + hbt0
+

(t� t0)h"
(t� t0)h" + hbt0

mb
t0 � C (q

�
b )

#
:

By Remark 4.2, the above inequality can be simpli�ed to

1X
t=t0

�t�t0mt0 �
1X
t=t0

�t�t0

"
hbt0m

b
t0

(t� t0)h" + hbt0
+

(t� t0)h"
(t� t0)h" + hbt0

mb
t0

#
(4.6)

The LHS term of (4.6) is linear and increasing in mt0 while the RHS term is constant

in mt0 . Then, there exists a unique m
�
t0 that satis�es (4.6) with equality making �rm

indi¤erent from continuing old product or launching the new one. This proves the �rst

part of Proposition 4.4.
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m1

t0

εq

t

mt

Figure 2: Time path of mt and product stopping at t0

Assumption 4.1 implies

1X
t=t0

�t�t0mt0 �
1X
t=t0

�t�t0m1: (4.7)

If all new products launched by the �rm have the same initial prior belief about the quality

disturbance term, the critical levelm� that makes the �rm indi¤erent from launching a new

or continuing with an old product is m1. This proves the second part of the proposition.

This means that the �rm will choose to stop the old product and produce the new

one immediately when prior belief about quality noise of the present period falls below

the initial prior belief when a product is newly introduced. Figure 2 illustrates one of the

possible time paths of mt.

From the �gure, if the �rm cannot stop selling the product, the prior mean of a quality

noise will converge to the true quality noise almost surely. However, if the �rm can choose

to discontinue the old product, it will choose to stop in the period t0 when mt0 falls below

the initial prior mean about the quality noise of a newly launched product, m1. It is not

necessary that a good quality product will survive. A high quality product can be judged

as a product with lower than standard quality and can be discontinued after a series of
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unlucky events during the initial phases of its introduction.

In this simple case, the quality choice is not a¤ected by the discontinuation decision

because the �rm has only one chance to launch the new product. In a more enriched setting

where the �rm can choose to stop its product at any time, the �rm has to take into account

the probability that the product will be discontinued under the optimal discontinuation rule

when choosing quality. In addition, as will be shown in Section 5.4, optimal quality choice

determines the expected pro�t from launching the new product and a¤ects the optimal

critical level m� for which a product will be discontinued.

4.3 Structure of the Decision Problems

The quality choice and product stopping rule obtained in Section 4.2 are actually based

on the assumption that a �rm has only one chance of stopping the old product a and

launching the new product b. After b has been introduced to the market, the �rm will

produce b forever. The structure of the problem is changed signi�cantly if in every period

the �rm can decide whether to discontinue the old product and start the new one. Note

that Assumption 4.1 will still be applied here and Remark 4.2 is still valid in this setting

because the future looks the same every time the �rm chooses to start the new product.

However, this implies that the optimal stopping policy would be identical for every product

as well.

Remark 4.5 Under Assumption 4.1, optimal product discontinuation policies are identical
for all products.

The �rm has two levels of decision; it starts by choosing quality choice, and then enters

the product discontinuation game. Firstly, it has to choose a level of quality to maximise

its expected pro�t from the product and q is the decision variable. Since a product could

be discontinued by product discontinuation policy, the pro�tability of a product depends

upon the policy implemented in the product discontinuation game. Then, quality choice,

q, must be chosen optimally conditional on optimal product discontinuation policy being

implemented. Similarly, the optimal discontinuation policy must be determined given the

optimal level of quality, q = q�. Therefore, solutions to the two decision problems will be

determined simultaneously.
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5 Product Discontinuation Policies

This section will show that optimal product stopping policies telling a �rm when to launch

a new product and maximises an expected discounted pro�t exist. The analysis starts by

explaining the structure of the problem in Section 5.1. Section 5.2 shows that the rather

complicated discontinuation problem involving stopping and restarting products can be

re-expressed or transformed to a simple or typical stopping problem which is easier to

work with. Then, Section 5.3 shows the existence of optimal product stopping policy to

this problem. In Section 5.4, the optimal product stopping policy is derived and some

comparative static results (holding an optimal quality choice constant) are presented in

Section 5.5.

5.1 Structure of the Product Discontinuation Problem

A �rm in this model has to make two decisions, when to optimally stop an old product

and start a new one, and what would be the optimal quality choice for the new product.

Given that quality is chosen optimally, in each period after observing mt, a �rm can choose

whether to continue with the present product or launch the new one. The strategy of the

�rm is given by

 : R �! f0; 1g :

In this decision rule, 0 indicates a stoppage and 1 indicates the decision to continue the old

product. The optimal product stopping policy consists of the sequence of these functions

	 = ( 1;  2;:::) :

that maximises the total expected discounted return. It is assumed that the new product

can be launched as many times as required and that the same stopping policy is used

for each product. For any product a and at any time t, having observed a sequence

fma
1;m

a
2; :::;m

a
t g and received

Pt
s=1 �

s�1 [q�a +m
a
s � C (q�a)], the �rm may want to discon-

tinue product a and start with product b over again. Since the same stopping policy is

used in every product and period and a sequence fma
1;m

a
2; :::;m

a
t g is independent for each

product, the optimal product lifespan for each product Ta;Tb; ::: is i.i.d. random variables.

As in Section 4.1, let

yat � q�a +m
a
t � C (q�a)
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be the period t pro�t accrued to �rm from product a. For notation simplicity, superscript

a may be dropped if it is not required in the context. The total discounted return is

V =

TaX
i=1

�i�1yai + �
Ta

TbX
j=1

�j�1ybj + �
Ta+Tb

TcX
k=1

�k�1yck + :::

The expected return is

E [V ] = E

TaX
i=1

�i�1yai + E�
TaE

24 TbX
j=1

�j�1ybj + �
Tb

TcX
k=1

�k�1yck + :::

35 (5.1)

= E

TaX
i=1

�i�1yai + E�
TaE [V ]

=
E
PT
t=1 �

t�1yt
1� E�T

E [V ] =
E
PT
t=1 �

t�1yt

(1� �)E
PT
t=1 �

t�1
(5.2)

The optimal product stopping policy is the rule that maximises E [V ]. Let = denote the
class of product discontinuation rules,

= =
(
T : T � 1; 0 <

TX
i=1

�i�1 <1
)

(5.3)

The objective is to �nd a discontinuation policy T 2 = to achieve the supremum in

V � = sup
T2=

E
PT
t=1 �

t�1yt

(1� �)E
PT
t=1 �

t�1
(5.4)

Two conditions are required for V � to be well de�ned. First, an optimal product stopping

policy must exist. This issue will be addressed in Section 5.3. Second, in order to avoid

the problem of dealing with 0 /0 or 1 /1 , the following condition is required.

0 <
TX
i=1

�i�1 <1 (5.5)

The left inequality of (5.5) is satis�ed because the �rm is assumed to sell the new product
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Figure 3: Structure of the stopping problem

in the �rst period and observe at least one observation of zt. The left inequality is also

satis�ed since the discount factor 0 < � < 1 by assumption in Section 3. The structure of

this stopping problem for any arbitrary product is shown in Figure 3. From the �gure, at

the start of each period t, a prior mean of product quality noise is known and the �rm has

to make a decision to stop or continue the product conditional on this state variable. If

the �rm chooses to continue the same product, it will receive state pro�t yt and the value

of random variable zt is realised. Knowing zt, the prior mean of product quality noise is

updated to mt+1 and the �rm enters period t + 1. Alternatively, if the �rm chooses to

stop the present product and start a new one, the whole process of learning will start all

over again. If optimal discontinuation policy is employed, the �rm will receive the total

expected pro�t of V � from this decision.

5.2 Original and Transformed Problems

This section illustrates how one can transform the product discontinuation problem (5.4)

to a simpler problem and use the transformed problem to �nd an optimal product discon-

tinuation policy and the value function of the original one. Section 5.3 shows that optimal

product discontinuation policies for transformed and hence original problems exist.

The purpose of this section is to show that the solution of the problem presented in
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Section 5.1 can be obtained from the solution of the following problem

V = sup
T2=

E

 
TX
t=1

�t�1 [yt � � (1� �)]
!

(5.6)

for some �. The following lemma shows that the two problems are related.

Lemma 5.1 If for some �, supT2=E
�PT

t=1 �
t�1 [yt � � (1� �)]

�
= 0, then

sup
T2=

E
PT
t=1 �

t�1yt

(1� �)E
PT
t=1 �

t�1
= �

Proof. If supT2=E
�PT

t=1 �
t�1 [yt � � (1� �)]

�
= 0 then for every stopping rule T ,

E
�PT

t=1 �
t�1 [yt � � (1� �)]

�
� 0. It follows that

E

 
TX
t=1

�t�1yt � � (1� �)
TX
t=1

�t�1

!
� 0

E
PT
t=1 �

t�1yt

(1� �)E
PT
t=1 �

t�1
� �

and that

sup
T2=

E
PT
t=1 �

t�1yt

(1� �)E
PT
t=1 �

t�1
= �

The next proposition claims that any solution for (5.6) is also optimal for the original

problem.

Proposition 5.2 If supT2=E
�PT

t=1 �
t�1 [yt � � (1� �)]

�
= 0 is attained at T �, then T �

is optimal for maximising supT2=
E
PT
t=1 �

t�1yi
(1��)E

PT
t=1 �

t�1 .
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Proof. Suppose not, from Lemma 5.1, E
PT
t=1 �

t�1yi
(1��)E

PT
t=1 �

t�1 < � and then

E

 
T �X
t=1

�t�1yt � � (1� �)
T �X
t=1

�t�1

!
< 0

E

 
T �X
t=1

�t�1 [yt � � (1� �)]
!
< 0

but this contradicts the fact that T � is optimal and achieves the supremum in

supT2=E
�PT

t=1 �
t�1 [yt � � (1� �)]

�
= 0

Proposition 5.2 allows the transformation of the original maximisation problem (5.4) to

the ordinary stopping problem (5.6) with the return when choosing to stop at time T beingPT
i=1 �

i�1 [yi � � (1� �)]. If the optimal stopping rule for a transformed problem exists,

then it is also optimal for the product stopping problem. From now on, the problem (5.4)

will be referred to as the original problem and (5.6) as the transformed problem. Therefore,

V � and V are the value function of the original and transformed problems respectively.

5.3 Existence of Optimal Product Discontinuation Policies

The objective of this section is to prove that the optimal product discontinuation policy for

the problem described in Section 5.1 exists so that V � expressed in (5.4) can be attained. It

is shown in Lemma 5.1 from the previous section that the original product discontinuation

problem can be transformed to problem (5.6) with an appropriate value of �. In addition,

by Proposition 5.2, if the optimal discontinuation policy for the transformed problem exists,

then so does the original problem. The task now is to show that optimal stopping rules for

problem (5.6) exist. The following lemmas show that the transformed product stopping

problem possesses two basic properties that are su¢ cient for an optimal stopping rule to

exist.

Lemma 5.3 E
h
supT2=

�PT
t=1 �

t�1 [yt � � (1� �)]
�i

<1

Proof.

sup
T2=

 
TX
t=1

�t�1 [yt � � (1� �)]
!
=

TX
t=1

�t�1 [q� +mt � C (q�)� � (1� �)]
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where mt =
h1m1+h"

Pt�1
s=1 zs

h1+(t�1)h" and mt jm1 is normally distributed with a zero mean and

variance �2mt
= (t� 1)

h
h"

(t�1)h"+h1

i2
h1+h"
h1h"

. (see Lemma 5.13 on page 40 below)

Therefore,

E

"
sup
T2=

 
TX
t=1

�t�1 [yt � � (1� �)]
!#

=
TX
t=1

�t�1 [q� + E (mt)� C (q�)� � (1� �)]

=
TX
t=1

�t�1 [q� � C (q�)� � (1� �)]

= [q� � C (q�)� � (1� �)] 1� �
T

1� �
<1

Lemma 5.4 lim supT!1
�PT

t=1 �
t�1 [yt � � (1� �)]

�
�
P1
t=1 �

t�1 [yt � � (1� �)] almost
surely.

Proof. Since limT!1
�PT

t=1 �
t�1 [yt � � (1� �)]

�
=
P1
t=1 �

t�1 [yt � � (1� �)] and, for a
real-valued sequence, limT!1 sT = s implies lim supT!1 sT = lim infT!1 sT = s. It

follows that lim supT!1
�PT

t=1 �
t�1 [yt � � (1� �)]

�
=
P1
t=1 �

t�1 [yt � � (1� �)] almost
surely and the lemma is proved.

Lemma 5.3 makes it possible to interchange summation and expectation in subsequent

arguments of this section. It can be shown that Lemma 5.3 and Lemma 5.4 are su¢ cient

for the existence of optimal stopping rules. The method of Chow and Robbins (1963) and

Ferguson (2000) using the notion of regular stopping rules is applied to show the existence

of optimal stopping rules. The following de�nition de�nes the concept of regular stopping

rules introduced by Snell (1952).

De�nition 5.5 A discontinuation policy T is said to be regular, if for every s,

E

"
TX
t=1

�t�1 [yt � � (1� �)]
�����m1; :::;ms

#
>

sX
t=1

�t�1 [yt � � (1� �)]

almost surely on fT > sg.
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From De�nition 5.5, stopping rule T is regular if it tells a �rm to continue at time s and

gets a higher expected return than from stopping at that state. The following lemma shows

that for any stopping rule there is a regular one that gives at least as good an expected

payo¤.

Lemma 5.6 Given any discontinuation policy T , there is a regular discontinuation policy
T 0 such that

E

"
T 0X
t=1

�t�1 [yt � � (1� �)]
#
� E

"
TX
t=1

�t�1 [yt � � (1� �)]
#
:

Proof. De�ne

T
0
= min

(
s � 0 : E

"
TX
t=1

�t�1 [yt � � (1� �)]
�����m1; :::;ms

#
�

sX
t=1

�t�1 [yt � � (1� �)]
)
(5.7)

That is, T 0 tells the �rm to continue to use T and stop when T tells it to continue, but stop is

at least as good. It is clear that T 0 is a discontinuation policy and that T 0 � T . On fT 0 = sg,
E
hPT

t=1 �
t�1 [yt � � (1� �)]

���m1; :::;ms

i
�
Ps
t=1 �

t�1 [yt � � (1� �)] almost surely for all
s, while on fT 0 =1g, it is true thatPT
t=1 �

t�1 [yt � � (1� �)] =
PT 0

t=1 �
t�1 [yt � � (1� �)] =

P1
t=1 �

t�1 [yt � � (1� �)] almost
surely. Hence, for any 1 � T 0 <1,

E

"
TX
t=1

�t�1 [yt � � (1� �)]
#

= E

"
T 0X
t=1

�t�1 [yt � � (1� �)]
#
+ E

"
TX

t=T 0+1

�t�1 [yt � � (1� �)]
#
(5.8)

Consider the last term of (5.8), E
hPT

t=T 0+1 �
t�1 [yt � � (1� �)]

i
, since T 0 � T; the analysis

can be separated into 2 cases.

Case I If T 0 = T , the last term of (5.8) disappears and then,

E

"
T 0X
t=1

�t�1 [yt � � (1� �)]
#
= E

"
TX
t=1

�t�1 [yt � � (1� �)]
#
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Case II If T 0 < T , according to the discontinuation policy de�ned in (5.7),

E

"
TX
t=1

�t�1 [yt � � (1� �)]
�����m1; :::;mT 0

#
�

T 0X
t=1

�t�1 [yt � � (1� �)] � 0

TX
t=1

E
�
�t�1 [yt � � (1� �)]

��m1; :::;mT 0
�
�

T 0X
t=1

�t�1 [yt � � (1� �)] � 0

TX
t=T 0+1

E
�
�t�1 [yt � � (1� �)]

��m1; :::;mT 0
�
� 0

E

"
TX

t=T 0+1

�t�1 [yt � � (1� �)]
#
� 0

and from (5.8), it follows that

E

"
T 0X
t=1

�t�1 [yt � � (1� �)]
#
� E

"
TX
t=1

�t�1 [yt � � (1� �)]
#

The interchange between summation and expectation is valid by Lemma 5.3.

It remains to prove that T 0 is regular. Note that on fT 0 > sg,

E

"
T 0X
t=1

�t�1 [yt � � (1� �)]
�����m1; :::;ms

#
� E

"
TX
t=1

�t�1 [yt � � (1� �)]
�����m1; :::;ms

#

almost surely. Since

E

"
TX
t=1

�t�1 [yt � � (1� �)]
�����m1; :::;ms

#
>

sX
t=1

�t�1 [yt � � (1� �)]

almost surely on fT 0 > sg, then

E

"
T 0X
t=1

�t�1 [yt � � (1� �)]
�����m1; :::;ms

#
>

sX
t=1

�t�1 [yt � � (1� �)]

almost surely on fT 0 > sg.
The next lemma shows that, among regular optimal product discontinuation policies,

the one that tells the �rm to stop later yields no worse return.
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Lemma 5.7 If T and T 0 are regular product discontinuation policies, then so is T 00 =

max fT; T 0g and then

E

"
T 00X
t=1

�t�1 [yt � � (1� �)]
#
�

max

(
E

"
TX
t=1

�t�1 [yt � � (1� �)]
#
; E

"
T 0X
t=1

�t�1 [yt � � (1� �)]
#)

Proof. If T 0 = T , T 00 = max fT 0; Tg = T 0 = T , then

E

"
T 00X
t=1

�t�1 [yt � � (1� �)]
#
= E

"
TX
t=1

�t�1 [yt � � (1� �)]
#

= E

"
T 0X
t=1

�t�1 [yt � � (1� �)]
#

If T 0 6= T , assuming without loss of generality that T 0 > T , so T 00 = max fT 0; Tg = T 0.

Since T 0 is regular and T 0 > T ,

E

"
T 0X
t=1

�t�1 [yt � � (1� �)]
�����m1; :::;mT

#
>

TX
t=1

�t�1 [yt � � (1� �)]

almost surely. By the law of iterated expectation,

E

"
T 0X
t=1

�t�1 [yt � � (1� �)]
#
> E

"
TX
t=1

�t�1 [yt � � (1� �)]
#

and since T 00 = T 0,

E

"
T 00X
t=1

�t�1 [yt � � (1� �)]
#
= E

"
T 0X
t=1

�t�1 [yt � � (1� �)]
#

> E

"
TX
t=1

�t�1 [yt � � (1� �)]
#
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It remains to show that T 00 is regular. Assuming again without loss of generality that

T 0 > T so that T 00 = T 0 and from above result

E

"
T 00X
t=1

�t�1 [yt � � (1� �)]
#
� E

"
T 0X
t=1

�t�1 [yt � � (1� �)]
#

From regularity of T 0, it can be shown that

E

"
T 00X
t=1

�t�1 [yt � � (1� �)]
�����m1; :::;ms

#
� E

"
T 0X
t=1

�t�1 [yt � � (1� �)]
�����m1; :::;ms

#

>

sX
t=1

�t�1 [yt � � (1� �)]

almost surely on fT 00 = T 0 > sg. This implies that T 00 is regular.
By Lemma 5.6, the attention can be restricted just on regular product discontinuation

policies. In addition, Lemma 5.7 shows that the set of all regular discontinuation policies

is an ordered set. In other words, Lemma 5.7 enables one to rank between any pair of

regular discontinuation policies. With these two lemmas, it is unable to show the existence

of optimal product discontinuation policies for the �rm. The following proposition, which

shows the existence of optimal product discontinuation policy, is based on Ferguson (2000).

The proposition is the application of Fatou Lemma which states that suppose that the

sequence of functions is a sequence of random variables X1;X2;::: with Xn � Y almost

surely for some Y such that E (jY j) <1, then lim supn!1EXn � E lim supn!1Xn.

Proposition 5.8 There exists a product discontinuation policy T � such that

E

"
T �X
t=1

�t�1 [yt � � (1� �)]
#
= V

where V = supT2=E
hPT

t=1 �
t�1 [yt � � (1� �)]

i
.

Proof. Let fT1; T2; : : :g be any sequence of stopping rule such that

lim
j!1

E

24 TjX
t=1

�t�1 [yt � � (1� �)]

35 = V
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From Lemma 5.6, There is always a sequence of regular rules fT 01; T 02; : : :g such that

limj!1E

�PT 0j
t=1 �

t�1 [yt � � (1� �)]
�
= V . Let T 00j = max

n
T 01; T

0
2; : : : ; T

0
j

o
, then by Lemma

5.7

E

24 T 00jX
t=1

�t�1 [yt � � (1� �)]

35 � E

24 T 0jX
t=1

�t�1 [yt � � (1� �)]

35
which implies that limj!1E

�PT 00j
t=1 �

t�1 [yt � � (1� �)]
�
= V . It follows that

V = lim sup
j!1

E

24 T 00jX
t=1

�t�1 [yt � � (1� �)]

35 (5.9)

and de�ne T � = sup fT 01; T 02; : : :g. Note that T 00j is a nondecreasing sequence of stopping poli-
cies converging to stopping rule T �. Therefore, from Lemma 5.4,

lim supj!1
PT 00j
t=1 �

t�1 [yt � � (1� �)] �
PT �

t=1 �
t�1 [yt � � (1� �)] almost surely. Taking

expectation to both sides of the inequality yields

E

24lim sup
j!1

T 00jX
t=1

�t�1 [yt � � (1� �)]

35 � E

"
T �X
t=1

�t�1 [yt � � (1� �)]
#

(5.10)

Using Fatou Lemma, one can relate (5.9) and (5.10),

V = lim sup
j!1

E

24 T 00jX
t=1

�t�1 [yt � � (1� �)]

35 � E

24lim sup
j!1

T 00jX
t=1

�t�1 [yt � � (1� �)]

35
� E

"
T �X
t=1

�t�1 [yt � � (1� �)]
#

But since E
hPT �

t=1 �
t�1 [yt � � (1� �)]

i
� V by the de�nition of V ,

E

"
T �X
t=1

�t�1 [yt � � (1� �)]
#
= V

and the proposition is proved.
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5.4 Optimal Product Discontinuation Policy

It was presented in the previous section that optimal discontinuation policies exist. The

objective of this section is to derive the optimal product stopping policy that maximises the

�rm�s expected total pro�t (5.1). Note that the structure of the product stopping problem

described in Section 5.1 di¤ers from ordinary stopping problems in two aspects. First, a

�rm can always launch a new product immediately after it chooses to stop the old product.

Therefore, the new stopping problem is restarted again after the new product is launched

and optimal stopping rules must consider this. This is di¤erent from ordinary stopping

problems where the process ends after the decision maker chooses to stop. However, it was

shown in Lemma 5.1 and Proposition 5.2 that the original restart problem (5.4) can be

transformed to an ordinary stopping problem (5.6) with an appropriate value �. Second,

at any time t after selling product and gaining period pro�t of yt = q� + mt � C (q�),

random variable zt is realised and the posterior distribution of quality noise is updated.

The posterior mean, mt+1, and hence period t + 1 pro�t, yt+1 = q� +mt+1 � C (q�), are

known to the �rm at the beginning of period t+ 1 before the decision to stop or continue

is made. This contrasts to ordinary stopping problems where payo¤s from continuing are

realised only after the decision to continue is made.

The objective for the original restart problem is to choose an optimal stopping policy,

T �, such that it maximises the expected total pro�t (5.1) or equivalently (5.2) which is

rewritten here,

E [V ] =
E
PT
t=1 �

t�1yt

(1� �)E
PT
t=1 �

t�1

The numerator term of the RHS of (5.2) is the expected discounted pro�t from one product

accrued to the �rm by using stopping rule T . The term E
PT
i=1 �

i�1 in the denominator

can be viewed as an expected discounted time used for one product to obtain the expected

pro�t in the numerator. Since a �rm can always launch a new product, the problem is

an in�nite horizon problem and (1� �) is multiplied to express the denominator term in

normalised or per period form. Therefore, E [V ] can be viewed not only as the expected

discounted total pro�t over an in�nite horizon but also as the expected average pro�t of

�rm per e¤ective unit of time or the expected rate of return. It is important to note that

the objective is, in e¤ect, to choose an optimal stopping rule that maximises average pro�t

or expected rate of return and not the expected discounted pro�t from a product.
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As discussed above, Lemma 5.1 enables the transformation of original problem (5.4),

V � = sup
T2=

E
PT
t=1 �

t�1yt

(1� �)E
PT
t=1 �

t�1

to an ordinary stopping problem of the form in (5.6), supT2=E
�PT

t=1 �
t�1 [yt � � (1� �)]

�
,

for some value of �. This transformed problem can be rewritten as

sup
T2=

"
E

TX
t=1

�t�1yt � � (1� �)E
TX
t=1

�t�1

#

and � in this transformed problem can be explained as a shadow value of an e¤ective unit

of time measured in the same unit as the payo¤s, and is as if the �rm is being charged �

for each e¤ective unit of time. In addition, according to Lemma 5.1 and Proposition 5.2,

if � is chosen at � = �� such that supT2=E
�PT

t=1 �
t�1 [yt � �� (1� �)]

�
= 0, the optimal

expected total pro�t for the �rm, V �, will also equal to ��. In this case, �� can be viewed

as the maximised expected total return over an in�nite horizon that the �rm can get from

launching the new product using the optimal stopping policy.

To derive an optimal product discontinuation policy for a �rm, the method given by

Lemma 5.1 and Proposition 5.2 will be utilised. The strategy is to solve the transformed

problem for an optimal stopping rule and the associated value function and choose ��

so that the value function of the transformed problem is equal to zero. Then, the value

function of the original problem, V �, is equal to ��.

The next proposition shows that the optimal stopping rule for the transformed problem

is to stop at the �rst t for which mt � m� (�; q�) for some �.

Proposition 5.9 Optimal product discontinuation policy T � for the transformed problem
(5.6), supT2=E

�PT
i=1 �

i�1 [yi � � (1� �)]
�
, is in the form

T � = min ft > 1 : mt � m� (�; q�)g

where m� (�; q�) = � (1� �)� [q� � C (q�)]

Proof. Suppose at time t,
Pt�1
i=1 �

i�1 [yi � � (1� �)] = Y � and it is optimal to stop. By

the principal of optimality,
Pt�1
i=1 �

i�1 [yi � � (1� �)] is at least as large as any future return
E
hPT

i=1 �
i�1 [yi � � (1� �)]

i
for all stopping rules T or
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Pt�1
i=1 �

i�1 [yi � � (1� �)] � E
hPT

i=1 �
i�1 [yi � � (1� �)]

i
. Then,

t�1X
i=1

�i�1 [yi � � (1� �)] �
t�1X
i=1

�i�1 [yi � � (1� �)] + E
"
TX
i=t

�i�1 [yi � � (1� �)]
#

0 �
TX
i=t

�i�1 [q� + E (mi)� C (q�)� � (1� �)]

0 � [q� +mt � C (q�)� � (1� �)]
�
�t�1 + � � �+ �T�1

�
But since

�
�t�1 + � � �+ �T�1

�
> 0, then

0 � [q� +mt � C (q�)� � (1� �)]

� (1� �)� [q� � C (q�)] � mt

m� (�; q�) � mt

Then, it is optimal to stop only when mt � m� (�; q�) and the optimal rule T � must be of

the form T � = min ft > 1 : mt � m� (�; q�)g.
The following corollary states the optimal product discontinuation policy for the original

problem.

Corollary 5.10 Under optimal product discontinuation policy, a �rm continues a product

in period t if pro�t from continuation in period t is at least as large as the average optimal

pro�t, or otherwise discontinues.

Proof. Let �� be the chosen value of � such that the value function of the transformed
problem is maximised at 0, that is

V = sup
T2=

E

"
TX
i=1

�i�1 [yi � �� (1� �)]
#
= 0

From Proposition 5.9, the optimal stopping rule for the transformed problem is

T � = min ft > 1 : mt � m� (��; q�)g. However, from Proposition 5.2, T � is also the op-

timal product discontinuation policy for the �rm and this achieves the supremum in (5.4),

V � = sup
T2=

E
PT
i=1 �

i�1yi

(1� �)E
PT
i=1 �

i�1
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Since �� is chosen such that V = 0, by Lemma 5.1, V � = ��. Therefore, under the optimal

product discontinuation policy, the �rm will stop the old product and launch the new one

at period t if

mt � m� (��; q�)

mt � �� (1� �)� [q� � C (q�)]

q� +mt � C (q�) � �� (1� �)

q� +mt � C (q�) � (1� �)V � (5.11)

The LHS term of (5.11) is the �rm�s pro�t from continuing the product in period t. Since V �

is the optimal expected discounted total pro�t over the in�nite horizon under the optimal

discontinuation policy, the term (1� �)V � in the RHS of (5.11) is an average or per period
return under the implementations of the optimal discontinuation policy.

In other words, Corollary 5.10 shows that the optimal product discontinuation policy

is in the following form

T � = min ft > 1 : yt � �� (1� �)g

= min ft > 1 : mt � �� (1� �)� [q� � C (q�)]g

In still other words, the optimal product discontinuation policy, T �, suggests the �rm

stops the �rst t when mt � m� (��; q�) or mt � �� (1� �) � [q� � C (q�)] where �� is the
optimal expected discounted pro�t over the in�nite horizon. Since mt depend upon the

realisation of random variables zt, mt are random variables. The optimal product discon-

tinuation period is, then, a random variable and the �rm can conjecture the probability

that its current product will be continued at any given period t under the implementa-

tion of the optimal discontinuation policy. In fact, for any given discontinuation policy

T = min ft > 1 : mt � m� (�; q�)g and product quality choice q, the �rm can calculate the

probability that its newly launched product will survive in any period t. De�nition 5.11

de�nes this probability.

De�nition 5.11 For any product discontinuation policy T = min ft > 1 : mt � m� (�; q�)g
and any quality choice q, let �t be the probability that the current product will be continued
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in period t under the implementation of T . Then,

�t (q; �) = P

24\
j�t
(mj � m� (�; q�))

35
A product will be continued in period t only when it survives the discontinuation policy

in every previous period and �t denotes the probability of this survival. �t can be expressed

in terms of distribution functions of random variables 
 and "s for s = 1; :::; t. To show

this, �2, �3 and �4 will be derived. The expression of �t for any t > 1 will be subsequently

derived in Lemma 5.12.

At the beginning of period t = 2; the market has realised random variable z1 from

period 1 and updated the prior belief of 
, m2 =
h1m1+h"z1
h1+h"

. Therefore, the probability

that the �rm will continue the product in period 2 is

�2 (q; �) = P [m2 � m� (�; q�)] = P

�
h1m1 + h"z1
h1 + h"

� m� (�; q�)

�
= P

�
z1 � m� (�; q�) �

�
h1 + h"
h"

��

Recalling from (3.3) that zt = 
 + q + "t � q� and de�ning em2 = m� (�; q�) �
�
h1+h"
h"

�
,

�2 (q; �) = P [
 + q � q� + "1 � em2]

= P [
 + "1 � em2 � (q � q�)]

= P ["1 � em2 � (
 + (q � q�))]

=

Z 1

�1

Z 1

em2�(
+q�q�)
f (
; "1) d"1d


by independence and normality assumptions,

�2 (q; �) =

Z 1

�1

Z 1

em2�(
+q�q�)
f (
) :f ("1) d"1d


=

Z 1

�1

Z 1

em2�(
+q�q�)

1

(2�)�q�"
exp

�
�
�

2

2�2q

�
�
�
"21
2�2"

��
d"1d
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where f (�) is the distribution function of interested variables, i.e.,

f (
) =
1

(2�)
1
2 �q

exp

�
� 
2

2�2q

�

and

f ("1) =
1

(2�)
1
2 �"

exp

�
� "21
2�2e

�
:

For t = 3, the probability of old product continuation is

�3 (q; �) = P [m3 � m� (�; q�) \m2 � m� (�; q�)]

= P

�
h1m1 + h"(z1 + z2)

h1 + 2h"
� m� (�; q�) \ z1 � m� (�; q�) �

�
h1 + h"
h"

��
= P

�
z1 + z2 � m� (�; q�) �

�
h1 + 2h"

h"

�
\ z1 � m� (�; q�) �

�
h1 + h"
h"

��
= P [z1 + z2 � em3 \ z1 � em2]

where emj = m� (�; q�) �
�
h1+(j�1)h"

h"

�
. Since zt = 
 + q + "t � q�,

�3 (q; �) = P [2 (
 + q � q�) + "1 + "2 � em3 \ 
 + q � q� + "1 � em2]

= P ["2 � em3 � (2 (
 + q � q�) + "1) \ "1 � em2 � (
 + q � q�)]

=

Z 1

�1

Z 1

em2�(
+q�q�)

Z 1

em3�2(
+q�q�)�"1
f (
; "1; "2) d"2d"1d


by independence and normality assumptions,

f (
; "1; "2) = f (
) :f ("1) :f ("2)

=
1

(2�)
3
2 �q�2"

exp

�
�
�

2

2�2q

�
�
�
"21 + "

2
2

2�2"

��

where f (�) is the distribution function of interested variables, i.e.,

f (
) =
1

(2�)
1
2 �q

exp

�
� 
2

2�2q

�
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and

f ("s) =
1

(2�)
1
2 �"

exp

�
� "2s
2�2"

�
:

for s = 1; 2.

For t = 4, the probability of old product continuation is

�4 (q; �) = P [m4 � m� (�; q�) \m3 � m� (�; q�) \m2 � m� (�; q�)]

= P

�
h1m1 + h"(z1 + z2 + z3)

h1 + 3h"
� m� (�; q�) \m3 � m� (�; q�) \m2 � m� (�; q�)

�

= P

24 z1 + z2 + z3 � m� (�; q�)
�
h1+3h"
h"

�
\ z2 + z1 � m� (�; q�)

�
h1+2h"
h"

�
\z1 � m� (�; q�)

�
h1+h"
h"

� 35
Since, again, emj = m� (�; q�) �

�
h1+(j�1)h"

h"

�
and zt = 
 + q + "t � q�

�4 (q; �) = P [z1 + z2 + z3 � em4 \ z2 + z1 � em3 \ z1 � em2]

= P

24 4\
j=1

 
j�1X
s=1

zs � emj

!35
= P

24 4\
j=1

 
j�1X
s=1

(
 + q � q� + "s) � emj

!35
= P

24 4\
j=1

 
(j � 1) (
 + q � q�) +

j�1X
s=1

"s � emj

!35

�4 (q; �) = P

24 4\
j=1

 
"j�1 � emj � (j � 1) (
 + q � q�)�

j�2X
s=1

"s

!35
=

Z 1

�1

Z 1

em2�(
+q�q�)

Z 1

em3�2(
+q�q�)�"1

Z 1

em4�3(
+q�q�)�("1+"2)
f (
; "1; "2; "3) d"3d"2d"1d
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and f (
; "1; "2; "3) is the joint probability distribution function and

f (
; "1; "2; "3) = f (
) f ("1) f ("2) f ("3)

=
1

(2�)
4
2 �q�3"

exp

�
�
�

2

2�2q

�
�
�
"21 + "

2
2 + "

2
3

2�2"

��

by independence and normality assumptions.

Lemma 5.12 shows the expression of �t in terms of 
 and "s for any t > s � 1.

Lemma 5.12 For any product discontinuation policy T = min ft > 1 : mt � m� (�; q�)g
and any quality choice q, the probability that the current product will be continued in period

t under the implementation of T is

�t (q; �) =Z 1

�1

Z 1

em2�(
+q�q�)
� � �
Z 1

emt�(t�1)(
+q�q�)�
Pt�2
s=1 "s

f (
) f ("1) � � � f ("t�1) d"t�1 : : : d"1d


(5.12)

where emj = m� (�; q�) �
�
h1+(j�1)h"

h"

�
,

f (
) =
1

(2�)
1
2 �q

exp

�
� 
2

2�2q

�

f ("s) =
1

(2�)
1
2 �"

exp

�
� "2s
2�2"

�
for s 2 f1; 2; : : : t� 1g and

f (
) f ("1) � � � f ("t�1) =
1

(2�)
t
2 �q�

t�1
"

exp

�
�
�

2

2�2q

�
�
�
"21 + � � �+ "2t�1

2�2"

��
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Proof. From De�nition 5.11,

�t (q; �) = P

24\
j�t
(mj � m� (�; q�))

35
= P

24\
j�t

 
h1m1 + h"

Pj�1
s=1 zs

h1 + (j � 1)h"
� m� (�; q�)

!35
since m1 = 0 and emj = m� (�; q�) �

�
h1+(j�1)h"

h"

�
,

�t (q; �) = P

24\
j�t

 
j�1X
s=1

zs � m� (�; q�) �
�
h1 + (j � 1)h"

h"

�!35
= P

24\
j�t

 
j�1X
s=1

zs � emj

!35
Recalling from (3.3) that zt = 
 + q + "t � q�,

�t (q; �) = P

24\
j�t

 
j�1X
s=1

(
 + q � q� + "s) � emj

!35
= P

24\
j�t

 
(j � 1) (
 + q � q�) +

j�1X
s=1

"s � emj

!35
= P

24\
j�t

 
j�1X
s=1

"s � emj � (j � 1) (
 + q � q�)
!35

= P

24\
j�t

 
"j�1 � emj � (j � 1) (
 + q � q�)�

j�2X
s=1

"s

!35
=

Z 1

�1

Z 1

em2�(
+q�q�)
� � �
Z 1

emt�(t�1)(
+q�q�)�
Pt�2
s=1 "s

f (
; "1; : : : ; "t�1) d"t�1 : : : d"1d
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where f (
; "1; : : : ; "t�1) is the joint probability distribution function and

f (
; "1; : : : ; "t�1) = f (
) f ("1) � � � f ("t�1)

=
1

(2�)
t
2 �q�

t�1
"

exp

�
�
�

2

2�2q

�
�
�
"21 + � � �+ "2t�1

2�2"

��

by independence and normality assumptions.

Having found the optimal discontinuation policy, T � = min ft > 1 : mt � m� (��; q�)g
= min ft > 1 : mt � �� (1� �)� [q� � C (q�)]g, the remaining problem is to �nd the value

of ��. However, as Lemma 5.1 suggested, �� is the value of � that makes the optimal value

function for the transformed problem equal to zero or,

V = sup
T2=

E

"
TX
t=1

�t�1 [yt � �� (1� �)]
#
= 0

It is important to show some results that will facilitate subsequent analysis. Some of

the following are basic and standard results from the theory of probability.

Lemma 5.13 Conditional on the information at the time of launching new product, for
any t > 1, quality choice q, and any a 2 R,

mt

��m1; q � N
�
�t (q) ; �

2
mt

�
and at equilibrium quality, q = q�,

mt

��m1 � N
�
0; �2mt

�
where �t (q) =

(t�1)h"
(t�1)h"+h1 (q � q

�) and �2mt
= (t� 1)

h
h"

(t�1)h"+h1

i2
h1+h"
h1h"

Proof. Conditional on information at time t = 1, the distribution of random variables

zs = 
 + q + "s � q� for any s is normal with mean

E [zs jt = 1] = E [
 jt = 1] + q � q� = m1 + q � q�

but since initial prior belief m1 = 0, E [zs jt = 1] = q � q�. For the variance, since 
 and
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"s are independent, variance of zs is

var (zs jt = 1) = var (
 jt = 1) + var ("s jt = 1)

=
1

h1
+
1

h"

=
h1 + h"
h1h"

That is, zs � N
�
q � q�; h1+h"h1h"

�
.

Since mt =
h1m1+h"

Pt�1
s=1 zs

(t�1)h"+h1 , mt is a linear combination of normal distributed random

variables zs. Therefore, conditional on information at time t = 1, for any t > 1 mt is

normally distributed with mean:

E [mt jt = 1] =
h"
Pt�1
s=1E [zs jt = 1]

(t� 1)h" + h1

=
(t� 1)h"

(t� 1)h" + h1
(q � q�)

and variance:

var [mt jt = 1] =
�

h"
(t� 1)h" + h1

�2
var

"
t�1X
s=1

zs jt = 1
#

since zs are independent

var [mt jt = 1] =
�

h"
(t� 1)h" + h1

�2 t�1X
s=1

var [zs jt = 1]

= (t� 1)
�

h"
(t� 1)h" + h1

�2 h1 + h"
h1h"

Therefore, mtjm1; q � N
�
�t (q) ; �

2
mt

�
where �t (q) = (t�1)h"

(t�1)h"+h1 (q � q
�),

�2mt
= (t� 1)

h
h"

(t�1)h"+h1

i2
h1+h"
h1h"

.

At equilibrium quality choice, q� = q, �t (q) = 0 for all t and the distribution of mt con-

ditional on the information at time of launching at equilibrium quality ismt

��m1 � N
�
0; �2mt

�

Lemma 5.14 Conditional on the information at the time of launching the new product,
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for any t > 1, quality choice q, and any a 2 R

P [mt > a] = 1� �
�
a� �t (q)
�mt

�
and at equilibrium quality, q = q�

P [mt > a] = 1� �
�

a

�mt

�

where �t (q) =
(t�1)h"

(t�1)h"+h1 (q � q
�), �2mt

= (t� 1)
h

h"
(t�1)h"+h1

i2
h1+h"
h1h"

and � (�) is the stan-
dard normal cdf.

Proof. From Lemma 5.13, mt

��m1; q � N
�
�t (q) ; �

2
mt

�
. Let mt = �t (q) + �mtv where

v � N (0; 1), then

P [mt > a] = P [�t (q) + �mtv > a]

= P

�
v >

a� �t (q)
�mt

�
= 1� �

�
a� �t (q)
�mt

�
At equilibrium quality choice, q� = q, �t (q) = 0 for all t

P [mt > a] = 1� �
�

a

�mt

�
where � (�) is the standard normal cdf.

Lemma 5.15 (Inverse Mills Ratio) Conditional on the information at the time of launch-
ing the new product, for any t > 1, quality choice q, and any a 2 R

E [mtjmt � a] = �t (q) + �mt

�
�
a��t(q)
�mt

�
1� �

�
a��t(q)
�mt

�
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and at equilibrium quality, q = q�

E [mtjmt � a] = �mt

�
�

a
�mt

�
1� �

�
a
�mt

�
where �t (q) =

(t�1)h"
(t�1)h"+h1 (q � q

�), �2mt
= (t� 1)

h
h"

(t�1)h"+h1

i2
h1+h"
h1h"

, � (�) and � (�) are the
standard normal pdf. and cdf. respectively.

Proof. Let mt = �t (q) + �mtv where v � N (0; 1) and �t (q) =
(t�1)h"

(t�1)h"+h1 (q � q
�), then

E [mtjmt � a] =

Z 1

a
mt � f (mt jmt � a) dmt

=

Z 1

a��t(q)
�mt

(�t (q) + �mtv)
1

�mt

� (v)

1� �
�
a��t(q)
�mt

�d�mtv

=
1

1� �
�
a��t(q)
�mt

�
24�t (q)Z 1

a��t(q)
�mt

� (v) dv + �mt

Z 1

a��t(q)
�mt

v� (v) dv

35
Since, for standard normal distribution, �0 (v) = �v� (v),

E [mtjmt � a] =
1

1� �
�
a��t(q)
�mt

�
24�t (q)Z 1

a��t(q)
�mt

� (v) dv � �mt

Z 1

a��t(q)
�mt

�0 (v) dv

35
=

1

1� �
�
a��t(q)
�mt

� ��t (q)�1� ��a� �t (q)
�mt

��
+ �mt�

�
a� �t (q)
�mt

��

= �t (q) + �mt

�
�
a��t(q)
�mt

�
1� �

�
a��t(q)
�mt

�
At equilibrium quality choice, q� = q, �t (q�) = 0 for all t and

E [mtjmt � a] = �mt

�
�

a
�mt

�
1� �

�
a
�mt

�

Recalling from Proposition 5.9 that the optimal product discontinuation policy is in
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the form T � = min ft > 1 : mt � m� (�; q�)g where m� (�; q�) = � (1� �) � [q� � C (q�)]
and it achieves the supremum of V (�) = supT2=E

hPT
t=1 �

t�1 [yt � � (1� �)]
i
, the value

function of the transformed problem (5.6). One can �nd the value of V (�) by considering

the special case where the �rm implements T � and T � tells the �rm to continue the product

forever. That is the case when mt � m� (�; q�) for every t 2 N. The expected pro�t from
this case must be V (�) because this is the case when the �rm implements T � forever

and, therefore, acts optimally in every period. Proposition 5.16 derives V (�) using this

argument.

Proposition 5.16 Let T � = min ft > 1 : mt � m� (�; q�)g be the optimal product discon-
tinuation policy. The value function of the transformed problem (5.6) can be expressed in

the following form

V (�) =

1X
t=1

�t (�) �
t�1 [E (mtjmt � m� (�; q�))�m� (�; q�)]

or

V (�) =

1X
t=1

�t (�) �
t�1

0@q� + �mt

�
�
m�(�;q�)
�mt

�
1� �

�
m�(�;q�)
�mt

� � C (q�)� � (1� �)
1A (5.13)

where m� (�; q�) = � (1� �)� [q� � C (q�)], �2mt
= (t� 1)

h
h"

(t�1)h"+h1

i2
h1+h"
h1h"

and �t (�) is

�t (q; �) from Lemma 5.12 evaluated at q = q�.

Proof. From the de�nition of value function

V (�) = sup
T2=

E

 
TX
i=1

�i�1 [yi � � (1� �)]
!

Since T � is the optimal product discontinuation policy,

V (�) = E

"
T �X
i=1

�i�1 [yi � � (1� �)]
�����mi � m� (�; q�)

#

Consider the case when mt � m� (�; q�) for every t 2 N and the policy T � calls a �rm to

continue forever. The value function, V (�), is equal to the expected discounted pro�t over
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the in�nite horizon,

V (�) =

1X
t=1

�t (�) �
t�1E [q� +mt � C (q�)� � (1� �)jmt � m� (�; q�)]

where �t (�) =
R1
�1

R1em2�
 � � �
R1emt�(t�1)
�

Pt�2
s=1 "s

f (
) f ("1) � � � f ("t�1) d"t�1 : : : d"1d
 is the
probability that a �rm will continue the product in period t derived by Lemma 5.12 where

quality choice q has been set optimally at q�. Since all terms in the bracket of the above

expression are constant except random variables mt, it can be rewritten as

V (�) =

1X
t=1

�t (�) �
t�1 [q� + E (mtjmt � m� (�; q�))� C (q�)� � (1� �)]

By Lemma 5.13, mtjm1 � N
�
0; �2mt

�
where �2mt

= (t� 1)
h

h"
(t�1)h"+h1

i2
h1+h"
h1h"

, and Lemma

5.15, it follows that

V (�) =

1X
t=1

�t (�) �
t�1

0@q� + �mt

�
�
m�(�;q�)
�mt

�
1� �

�
m�(�;q�)
�mt

� � C (q�)� � (1� �)
1A

and this proves the proposition.

Corollary 5.17 concludes the optimal product discontinuation policy and the value func-

tion for the original product discontinuation problem (5.4).

Corollary 5.17 The optimal product discontinuation policy and the value function of the
original problem are, respectively, in the following forms,

T � = min ft > 1 : mt � m� (��; q�)g = min ft > 1 : mt � �� (1� �)� [q� � C (q�)]g

and

V � = sup
T2=

E
PT
t=1 �

t�1yt

(1� �)E
PT
t=1 �

t�1
=

E
PT �

t=1 �
t�1yt

(1� �)E
PT �
t=1 �

t�1
= ��

where �� satis�es the following equation

1X
t=1

�t (�
�) �t�1 [E (mtjmt � m� (��; q�))�m� (��; q�)] = 0 (5.14)
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or

1X
t=1

�t (�
�) �t�1

0@q� + �mt

�
�
m�(��;q�)
�mt

�
1� �

�
m�(��;q�)
�mt

� � C (q�)� �� (1� �)
1A = 0 (5.15)

Proof. The proof is a straightforward application of Lemma 5.1 and Proposition 5.2 and
hence omitted.

5.5 Comparative Static Analysis

This section analyses how the �rm would change its optimal discontinuation policy when

exogenous variables such as the precision of initial belief (h1), the informativeness of the

noisy signal (h") and the discount factor (�) vary. It is important to note that the equi-

librium optimal discontinuation policy and the equilibrium quality, considered in Section

6, are determined simultaneously. The comparative static results for both endogenous

variables should be analysed together as there is a feedback link between them. However,

for simplicity, the quality choice will be treated as a constant and the �rst order e¤ect of

variables mentioned above to the product discontinuation decision will be considered.

The condition determining the optimal discontinuation policy is (5.14) shown in Corol-

lary 5.17, which can be rewritten here as (the arguments of m� (��; q�) and �t (��) are

dropped and the terms are rewritten m� and �t in all the below expressions to make the

notations compact)

1X
t=1

�t�
t�1 [E (mtjmt � m�)�m�] =

1X
t=1

�t�
t�1

0@�mt

�
�
m�

�mt

�
1� �

�
m�
�mt

� �m�

1A = 0 (5.16)

Equation (5.16) where the Implicit Function Theorem will be applied is central for the

comparative static analysis. Some important expressions are rewritten here as

�2mt
= (t� 1)

�
h"

(t� 1)h" + h1

�2 h1 + h"
h1h"

�t =

Z 1

�1

Z 1

em2�

� � �
Z 1

emt�(t�1)
�
Pt�2
s=1 "s

f (
) f ("1) � � � f ("t�1) d"t�1 : : : d"1d
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emt = m� �
�
h1 + (t� 1)h"

h"

�
and

E (mtjmt � m�) = �mt

�
�
m�

�mt

�
1� �

�
m�
�mt

�
Terms �t and E (mtjmt � m�)�m� in (5.14) are the functions of the optimal stopping pol-

icy (m�), the precision of the quality disturbance term (h1), and the precision of composite

noise (h"). It is important to understand how �t and E (mtjmt � m�)�m� change as m�,

h1 and h" change since this will be useful for the subsequent comparative static analysis.

For �t, an increase in m� raises emt for all t. A higher emt increases all the lower limits of

integration of variable "t in the �t expression. This means that @�t@ em < 0 for all t. Therefore,

the probability that a product will survive the discontinuation policy decreases. The same

analysis can be carried out for h1 and h" by examining how they a¤ect emt. Remark 5.18

restates these results

Remark 5.18 The probability that the product will be continued in period t, �t,

decreases as

1. m� increases or @�t
@m� < 0 for all m� 2 R,

2. h1 increases or @�t
@h1

< 0 for all h1 2 R+ and

3. h" decreases or @�t
@h"

> 0 for all h" 2 R+.

Remark 5.18.1 is simple and intuitive; if the policy for which the product will be

continued is rigid, then the chances that it will survive such rule after the realisation of

mt are slim. For Remark 5.18.2, a higher h1 implies that the market puts more weight on

initial prior belief m1 when forming prior belief mt for future periods. As a result, mt tends

to lie closer to m1 = 0 and the product is less likely to survive the discontinuation policy

m� > 0. It is an opposite story when h" is high. As h" gets higher, the market places more

weight in the realisation of the new information zt relative to initial prior belief m1. If h"
is high or the environment is less noisy, the market would attribute the high realised value

of zt to the high level of quality disturbance term, 
, and it is more likely that zt will be

high for the future period t as well. Therefore, if the product can survive for some periods

it is more likely that for each period t, the prior belief mt will exceed m� and the product

survives the discontinuation policy.

47



Reputation, Quality Choices and Optimal Discontinuation Policy

For E (mtjmt � m�)�m�, this term is always greater than 0 and one can verify that be-

cause mt has zero mean, [E (mtjmt � m�)�m�] ! 1 as m� ! �1 and

[E (mtjmt � m�)�m�] ! 0 as m� ! 1. Since mt, in the perspective of the �rm (see

Lemma 5.13), is normally distributed and one can plot [E (mtjmt � m�)�m�] againstm�.

Figure 4 illustrates this relationship and shows that [E (mtjmt � m�)�m�] is decreasing

in m�. Note that Figure 4 actually plots E(mtjmt�m�)�m�

�mt
against m�

�mt
but since

E (mtjmt � m�)�m� = �mt

�
�
m�

�mt

�
1� �

�
m�
�mt

� �m�

= �mt

0@ �
�
m�

�mt

�
1� �

�
m�
�mt

� � m�

�mt

1A (5.17)

= �mt

�
E (mtjmt � m�)

�mt

� m�

�mt

�
and �mt is not in�uenced by m

�, then the �gure still represents the relationship between

[E (mtjmt � m�)�m�] and m� when both axes are rescaled.

Remark 5.19 [E (mtjmt � m�)�m�] is decreasing in m� or @[E(mtjmt�m�)�m�]
@m� < 0 for

all m� 2 R.

To analyse the e¤ects of h1 and h" on E (mtjmt � m�)�m�, equation (5.17) suggests

that h1 and h" in�uence E (mtjmt � m�) � m� via �mt and also

 
�
�
m�
�mt

�
1��

�
m�
�mt

� � m�

�mt

!
.

Lemma 5.20 shows how h1 and h" in�uence �mt .

Lemma 5.20 The standard deviation of mt, �mt, conditional on information at the time

of product launching decreases if

1. h1 increases

2. h" increases for t > 3 + h1
h"
or h" decreases for t < 3 + h1

h"
.
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[E(mt |mt ≥m*)­ m*]/ σmt

m*/σmt
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Figure 4: Plot of [E (mtjmt � m�)�m�]

Proof. For the �rst part, the partial derivative of �mt with respect to h1 is

@�mt

@h1
=

@

@h1

"
(t� 1)

�
h"

(t� 1)h" + h1

�2 h1 + h"
h1h"

#

= � 1

h21

(t� 1)h"
((t� 1)h" + h1)3

�
(t� 1)h2" + 3h"h1 + 2h21

�
< 0

For the second part, the partial derivative of �mt with respect to h" is given by

@�mt

@h"
= (t� 1) (3� t)h" + h1

((t� 1)h" + h1)3

This expression is less than zero if and only if (3� t)h" + h1 < 0 or t > 3 + h1
h"
.

The reason for Lemma 5.20.1 is that, when the precision of the initial prior belief is

high, the posterior belief mt is close to prior and then the variation or standard deviation

of mt is small. Lemma 5.20.2 suggests that as h" increases it causes �mt to increase in the
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�rst few periods depending on the values of h1 and h" but it reduces �mt for large t. If the

signal is very informative (high h") and after t = 3 + h1
h"
periods, the market will be able

to predict the quality disturbance term 
 more precisely and mt is more closed to 
 and is

less variable (low �mt).

Since �mt is in�uenced by h1 and h" and according to the plot from Figure 4 that 
�
�
m�
�mt

�
1��

�
m�
�mt

� � m�

�mt

!
is decreasing in m�

�mt
(or increasing in �mt), the relationship between

[E (mtjmt � m�)�m�] = �mt

 
�
�
m�
�mt

�
1��

�
m�
�mt

� � m�

�mt

!
and h1, h" can be obtained. Remark

5.21 summarises this.

Remark 5.21 E (mtjmt � m�)�m� decreases if

1. h1 increases and

2. h" increases for t > 3 + h1
h"
or h" decreases for t < 3 + h1

h"

When h1 increases, for the reason explained above, the standard deviation of mt for

the future t decreases. This means that the expectation of mt given that mt � m� or

E (mtjmt � m�) must increase. Figure 5 shows the probability distribution functions of

mt with a di¤erent standard deviation (�mt = 1 and 2). The vertical axis is drawn at

the point where mt = m� (arbitrary set m� = 1 in the �gure). The �gure shows that

areas to the right of the vertical axis have di¤erent expected values (E (mtjmt � m�) = 1:

5251 and 2: 2822 respectively). When the precision of initial prior belief is higher, the

future realisation of mt tends to lie closer to m1 and the �rm cannot expect the high

variation in mt. Then, the expected return in period t, given that the product survives the

discontinuation policy, will be lower.

Product discontinuation policy can be viewed as the policy for quality control. It

is expressed in the form of minimal observed quality or reputation standard. Since the

actual quality is unknown at the time of launching, the �rm controls its product quality

by monitoring consumers�experience from the product. This is re�ected in the reputation

of the product or the prior belief about the quality noise, mt, in each period. A high m�

implies that the �rm applies a rigid supervision on its product quality and it is more likely

for the product to be discontinued. This idea is stated more formally in the next de�nition.
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Figure 5: pdf functions of mt with di¤erent �mt

De�nition 5.22 Given any product discontinuation policy T = min
�
t > 1 : mt � mT

	
, a

product discontinuation policy T 0 = min
n
t > 1 : mt � mT 0

o
is said to be a more strin-

gent (lenient) quality control if T 0 calls to discontinue the product sooner (later) almost
surely or mT 0 > mT (mT 0 < mT ).

Comparative static results can be obtained using the Implicit Function Theorem. From

(5.16), de�ne

F (m�; �; h1;h") =
1X
t=1

�t�
t�1

0@�mt

�
�
m�

�mt

�
1� �

�
m�
�mt

� �m�

1A
Proposition 5.23 shows that, when the �rm becomes more patient, the product has a

shorter life almost surely.

Proposition 5.23 As the discount factor (�) increases, the optimal product discontinua-
tion policy becomes more stringent.

Proof. The partial derivative of F (m�; �; h1;h") with respect to the optimal discontinua-
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tion policy m� is

Fm� =

1X
t=1

�t�1
�
�t
@ [E (mtjmt � m�)�m�]

@m� + (E (mtjmt � m�)�m�)
@�t
@ emt

@ emt

@m�

�
< 0

since (E (mtjmt � m�)�m�) > 0 for all m� 2 R and from Remark 5.18.1 and Remark

5.19, @�t
@ emt

@ emt
@m� < 0 and @[E(mtjmt�m�)�m�]

@m� < 0. The partial derivative of F (m�; �; h1;h")

with respect to � is

F� =
1X
t=1

(t� 1) �t�2�t [E (mtjmt � m�)�m�]

> 0

By the Implicit Function Theorem, dm
�

d� = � F�
Fm�

> 0.

The result shown in Proposition 5.23 seems counter-intuitive but this reveals an im-

portant implication: a patient �rm will be impatient with its low quality products. When

the �rm is patient, it puts greater weight on futures, supplies better quality and gets a

higher expected revenue and hence a higher expected per period revenue. The �rm will

stop the product in the period when the period revenue falls below the expected per period

revenue, since the �rm knows that it can get a higher revenue on average by launching the

new product. Therefore, the product will be discontinued earlier almost surely.

Proposition 5.24 As the precision of initial prior belief (h1) increases, the optimal prod-
uct discontinuation policy becomes more lenient.

Proof. The partial derivative of F (m�; �; h1;h") with respect to the precision of initial

prior belief h1 is

Fh1 =

1X
t=1

�t�1
�
�t
@ [E (mtjmt � m�)�m�]

@h1
+ (E (mtjmt � m�)�m�)

@�t
@ emt

@ emt

@h1

�

From Lemma 5.20, @[E(mtjmt�m�)�m�]
@h1

< 0 and Remark 5.18, @�t
@ emt

@ emt
@h1

< 0, it follows that

Fh1 < 0. It was shown in the proof of Proposition 5.23 that Fm� < 0. Therefore, by the

Implicit Function Theorem, dm
�

dh1
= � Fh1

Fm�
< 0
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As the initial prior belief about the product quality noise becomes more precise, the

expected return from the product decreases for two reasons. First, the probability that the

product will survive the product discontinuation policy is lower because of the tendency

that mt will lie closer to m1. Second, the higher tendency that mt will lie closer to m1

reduces the expected return from the product given that it survives the discontinuation

policy. The smaller expected return from the product lowers the condition for which the

product is discontinued.

The e¤ect of h" on m� is ambiguous. A higher h" clearly raises the probability that

the product will be continued in every period. However, its e¤ect on the expected pro�t,

given that the product survives, is unclear as E (mtjmt � m�)�m� increases for the �rst

few periods but declines afterwards. The net e¤ect relies on the parameter values of the

model.

6 Quality Choices

The optimal product discontinuation policy and the value function derived in Corollary

5.17 depend upon the optimal level of quality choice, q�. This section derives a condition

for which the optimal quality is determined. Note that the optimal quality also depends

on the optimal discontinuation policy and that both must be solved simultaneously using

the condition shown in Corollary 5.17 and the one derived in this section.

A �rm chooses a quality choice that maximises the product�s lifetime expected pro�t

on the basis that an optimal product discontinuation policy will be implemented after the

product is launched. For any period t, the probability that a product with quality q will

be continued under the implementation of an optimal discontinuation policy is �t (q; ��).

The expected pro�t from a product with quality q is given by

1X
t=1

�t�1�t (q; �
�) [E (pt jmt � m� (��; q�))� C (q)]

where pt is consumers�willingness to pay de�ned in (3.7). The expectation is now con-

ditional on events where the product survives the optimal discontinuation policy. Using

(3.7), the above expression can be rewritten as

1X
t=1

�t�1�t (q; �
�) [q� + E (mt jmt � m� (��; q�))� C (q)]
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The �rm�s quality choice problem is

sup
q

1X
t=1

�t�1�t (q; �
�) [q� + E (mt jmt � m� (��; q�))� C (q)]

From the �rst part of Lemma 5.15, the problem can be expressed as follows,

sup
q

1X
t=1

�t�1�t (q; �
�)

24q� + �t (q) + �mt

�
�
m�(��;q�)��t(q)

�mt

�
1� �

�
m�(��;q�)��t(q)

�mt

� � C (q)
35 (6.1)

where �t (q) =
(t�1)h"

(t�1)h"+h1 (q � q
�), �2mt

= (t� 1)
h

h"
(t�1)h"+h1

i2
h1+h"
h1h"

, � (�) and � (�) are the
standard normal pdf. and cdf. respectively.

The FOC for the quality problem (6.1) is presented in the following proposition

Proposition 6.1 For any �� 2 R and any optimal product discontinuation policy T � =

min ft > 1 : mt � m� (��; q�)g, the optimal product quality, q�, satis�es the following FOC

1X
t=1

�t�1�t (�
�)

0@�0t � �0t �
�
m�(��;q�)
�mt

�
1� �

�
m�(��;q�)
�mt

�
0@ �

�
m�(��;q�)
�mt

�
1� �

�
m�(��;q�)
�mt

� � m� (��; q�)

�mt

1A� C 0 (q�)
1A

+
1X
t=1

�t�1
@

@q
�t (q; �

�)

����
q=q�

0@q� + �mt

�
�
m�(��;q�)
�mt

�
1� �

�
m�(��;q�)
�mt

� � C (q�)
1A = 0 (6.2)

where �t (��) = �t (q; �
�) is evaluated at q = q� and �0t =

@
@q�t (q) =

(t�1)h"
(t�1)h"+h1 :

Proof. According to product rule, the FOC for the problem (6.1) is

1X
t=1

�t�1�t (�
�)

0B@�0t � �0t
0B@�0

�
m�(��;q�)
�mt

��
1� �

�
m�(��;q�)
�mt

��
+ �

�
m�(��;q�)
�mt

�
�
�
m�(��;q�)
�mt

�
�
1� �

�
m�(��;q�)
�mt

��2
1CA

� C 0 (q�)

1A+ 1X
t=1

�t�1
@

@q
�t (q; �

�)

����
q=q�

0@q� + �mt

�
�
m�(��;q�)
�mt

�
1� �

�
m�(��;q�)
�mt

� � C (q�)
1A = 0

using the fact that for the standard normal distribution, �0 (v) = �v� (v), and re-scaled
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yield

1X
t=1

�t�1�t (�
�)

0@�0t � �0t �
�
m�(��;q�)
�mt

�
1� �

�
m�(��;q�)
�mt

�
0@ �

�
m�(��;q�)
�mt

�
1� �

�
m�(��;q�)
�mt

� � m� (��; q�)

�mt

1A� C 0 (q�)
1A

+
1X
t=1

�t�1
@

@q
�t (q; �

�)

����
q=q�

0@q� + �mt

�
�
m�(��;q�)
�mt

�
1� �

�
m�(��;q�)
�mt

� � C (q�)
1A = 0

The Proposition 6.1 suggests that there are two channels by which quality choice can

a¤ect the expected return. The �rst term of the FOC (6.2) is the standard career concerns

mechanism. The �rm has an incentive to increase its product quality in order to mis-

lead consumers that the product has a high unobservable quality because this will increase

consumers�willingness to pay and the �rm�s pro�ts. The second term of the FOC (6.2) rep-

resents the second incentive for the �rm to increase quality: higher quality biases consumer

inference about unobservable quality noise, and increases the probability that the product

will be continued, which in turn increases expected revenue. This additional incentive to

increase quality is the extension of the prototype career concerns model and occurs in the

context where the relationship between principal and agent can be terminated by the re-

alisation of the random variable. In both mechanisms the �rm or agent exerts a greater

e¤ort to mislead consumer or principal inference and this bias has two e¤ects. Firstly, it

encourages principal to believe that the agent is of the better type and this will results

in higher returns to the agent. Secondly, when the probability of relationship termination

depends on belief about the agent�s type or the realisation of the random variable which

the agent can in�uence, the agent will exert greater e¤ort to reduce this probability. The

higher the chance that the relationship will be continued means the higher the expected

return from the relationship.

The FOC (6.2) in Proposition 6.1 is a generalisation of the FOC (4.2) derived in Section

4.2 where product discontinuation policy is not considered. One can obtain condition (4.2)

by setting m� in (6.2) approaches �1 (where the product will never be discontinued). To
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verify this, rewrite (6.2) as the following,

1X
t=1

�t�1�t (�
�)

264�0t � �0t
0B@
0@ �

�
m�(��;q�)
�mt

�
1� �

�
m�(��;q�)
�mt

�
1A2 � �

�
m�(��;q�)
�mt

�
m� (��; q�)

�mt

�
1� �

�
m�(��;q�)
�mt

��
1CA� C 0 (q�)

375
+

1X
t=1

�t�1
@

@q
�t (q; �

�)

����
q=q�

0@q� + �mt

�
�
m�(��;q�)
�mt

�
1� �

�
m�(��;q�)
�mt

� � C (q�)
1A = 0

since for the standard normal distribution, �0 (v) = �v� (v), the expression becomes

1X
t=1

�t�1�t (�
�)

264�0t � �0t
0B@
0@ �

�
m�(��;q�)
�mt

�
1� �

�
m�(��;q�)
�mt

�
1A2 + �0

�
m�(��;q�)
�mt

�
�mt

�
1� �

�
m�(��;q�)
�mt

��
1CA� C 0 (q�)

375
+

1X
t=1

�t�1
@

@q
�t (q; �

�)

����
q=q�

0@q� + �mt

�
�
m�(��;q�)
�mt

�
1� �

�
m�(��;q�)
�mt

� � C (q�)
1A = 0 (6.3)

asm� ! �1, �t (��)! 1 or the product will never be discontinued and @
@q�t (q; �

�)
���
q=q�

!

0. Since �
�
m�(��;q�)
�mt

�
and �

�
m�(��;q�)
�mt

�
approach 0 as m� ! �1, the second term in LHS

of (6.3) vanishes. and because the slope of standard normal pdf, �0
�
m�(��;q�)
�mt

�
, converges

to 0 as m� ! �1. Therefore, as m� ! �1, equation (6.3) collapses to

1X
t=1

�t�1
�
�0t � C 0 (q�)

�
= 0

but since �0t =
@
@q�t (q) =

(t�1)h"
(t�1)h"+h1 , this is identical to (4.2).

Note that, when the product is never discontinued (m� ! �1), the incentive to raise
quality in order to increase the probability of product continuation disappears. Only the

incentive to bias consumers�learning that increases the consumers�valuation and the �rm�s

expected return remains; this is the standard career concerns mechanism.
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7 Conclusion

This paper has considered and investigated quality choice and product discontinuation

problems under a moral hazard problem where information about product quality is in-

complete but symmetric; information about true product quality is unknown to both con-

sumers and �rm. The �rm�s intended quality choice is di¢ cult to control and subject to

random shocks. This shock can be interpreted as a match between consumer�s preference

and product characteristics. The true quality is unobservable, and consumers imperfectly

report their (noisy) experiences from the product to the next generation of consumers. Re-

ports serve as noisy signals of the true quality. The market forms beliefs about a product�s

true quality based on the observed sequence of noisy signals or a product�s reputation.

The paper started by introducing a career concerns type of model and investigating re-

lationships between optimal quality choice and various variables. It was found that a �rm

o¤ers a better quality product when the product remains longer on the market (i.e. has a

longer life), the �rm cares about long term relationship (i.e. has a higher discount factor),

the precision of initial prior belief is low, and the signal is very informative. The mech-

anism behind these results is the standard career concerns� incentive (Holmström 1982).

According to this model, the �rm has an incentive to signal jam the consumer�s learning

process since consumers cannot tell whether perceived quality is due to characteristics that

match their preference (i.e. product is of better type) or just because of the imperfect

communication of experiences (i.e. high realisations of experience or report shocks). High

quality is intended to bias consumer belief that a product ful�ls their preferences.

The paper then moved on to consider the case in which a �rm can decide to discontinue

a product before its true quality is completely revealed and then relaunch a new product

activating a new market learning process. The scenario in which the product discontinua-

tion period is predetermined or �xed in advance was considered in the �rst instance. Here

it was shown that longer product life increases the expected return, and that it is better

for a �rm to have one product with an in�nite life than many products with a shorter life.

In the deterministic stopping period case, a �rm therefore never opts for a predetermined

discontinuation period.

The deterministic stopping period assumption was then relaxed. The case of a �rm

choosing to discontinue and relaunch a product whenever and as often as it wants was

then considered. In this context, the �rm can choose to discontinue the product after its

reputation for that period is realised. The paper proved that optimal product discontinu-
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ation policies or strategies exist and the optimal discontinuation policy was then derived.

Comparative static analysis has been carried out and demonstrated that when a �rm cares

about the long-term relationship, it applies a more stringent quality-control discontinua-

tion policy and the product tends to be discontinued sooner almost surely. This is also

true when the precision of initial prior belief is low. The informativeness of the signal has

an ambiguous e¤ect on the policy.

The optimal condition for quality with discontinuation policy was derived and has been

shown to be a generalisation of the quality choice �rst order condition when discontinua-

tion decision is not allowed. Under the presence of discontinuation policy, a quality choice

chosen by the �rm, again, misleads consumers that the product possesses favourable char-

acteristics. However, as opposed to standard career concerns models without product dis-

continuation, this a¤ects the expected return by two means. The �rst is through increased

consumer willingness to pay for the product; the standard career concerns mechanism. And

secondly, the higher quality will increase chances of surviving the discontinuation policy,

enhance the probability of product continuation and raise �rm�s expected return.

When the �rm relaunches the product, the �rm�s "type" is re-drawn independently from

the distribution identical to all of the previous products. In this case, consumers cannot use

information about the previous products evaluate the new product�s true quality. However,

in the real world consumers have diverse expectations about the quality of new products

launched by di¤erent �rms or brands believing them to possess di¤erent characteristics or

types that are permanent or at least stable. It would be interesting for future research to

incorporate into this model the adverse selection aspect when �rms use quality to signal

their types. Another interesting dimension would be the role of advertising that, in addition

to quality choice, could confuse and mislead consumer inference. This would o¤er an insight

into the �rm�s dilemma between enhancing quality and intensifying advertising.
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